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Primary doctrines

Definition

An indexed poset ‘B°P _P . posisa primary doctrine when
» B has finite products

(id, id) !
» each fibre P(b) has finite meets P(b) x P(b) 1 P(b) 1 1
Ab Ty

» the families (Ap)p:Px P—P and (Tp)p:1—P are natural

F.W. Lawvere
Equality in hyperdoctrines and the comprehension schema as an adjoint functor

B. Jacobs Proc.AMS Symp.Pure Math. 1970

Categorical Logic and Type Theory 1999
A.M. Pitts
Categorical logic Handbook of Logic in Computer Science, vol. 5, 2000
M.E. Maietti, G. R.
Quotient completion for the foundation of constructive mathematics Log.Univer. 2013



§: Set°® — Pos

The powerset functor SetP L} Pos

S———— 8(S)

—

S (S

FANB) =fA)NFTB)  F(S) =S



LTZ: C tx )’ — Pos

T: atheoryin the A-fragment of first order logic

—_— —_—
Ctxp: (Xiys - -0 Xiy) t,.otm) Koo X)) (Sq,...,S8) L (Xtys - -

L\t ERl
(1t /Xjps « o os tm/Xj]s + o SR[E/ X0 oo o) /X))
LT? (X, ..., x): the Lindenbaum-Tarski algebra of formulas with
free variables among (x;,, . . ., Xi,)

T
C t;(oLp L) ‘Pos

% 117 (%)
lf j(—)[f/x“,-]

X ———— LT (X))

(p AY)[ET/K] = @[T/K) A YI/R]  TE/X]=T

'Xlk)



Sub: C°P— Pos

C: a category with finite limits

Sub(c):  the poset reflection of the preorder m n

Cop Sub Pos




Sub \: C°°P— Pos

C: a category with finite limits
M: a class of monos in C closed under identities and pullbacks

Sub(c) € Sub(c): the sub-poset of Sub(c) on those equivalence classes
with representatives in M
CoP % Pos
c—— Sub(c)

—

¢/ —— Sub ()

Sub g C°P——Pos is a primary sub-doctrine of Sub: C°P — Pos



Homomorphisms of primary doctrines

Definition

A homomorphism of primary doctrines from P: 4— Pos to Q: B— Pos
is a pair (F, a) where

» F: 44— B preserves finite products
> 0P

Fop| )
0P
> every ag: P ) preserves finite meets

They actually form a 2-category PDoct



Homomorphisms of primary doctrines

Examples
CP Sub M
Idcépl ) Pos
C°P Sub

op
Ctx

LT’
A homomorphism Fopl ) Pos 1S exactly a model of the Horn
0 sentences provable in T

SetP



H(): Set°P —— Pos

H: an inf-semilattice
SetP L Pos
S———— H> with the pointwise order
fl: l‘ of
S s HY
(H (@ A 1)) (s) = (@ A Y)(F(5)) = @(F(5)) A Y(F(S))
= H(@)(s) A H(§)(s) = (H (@) A H (¥)) (s)




Vrn: 4°°P — Pos

A: a category with finite (strict) products and weak pullbacks
V————w

Vrn(a): the poset reflection of the category A4/a \e& {d/
a
g0p VI pys

aqr——— Vrn(a) > [e] v —— v

lﬁ lVrn(f)I where | w je

a’ ——Vin(a’) 3 [¢'] a’ T> a

fo-
Vrn(a) 1 Vrn(a’)
vin(f)

M. Grandis

Weak subobjects and the epi-monic completion of a category J.Pure Appl.Algebra 2000



The internal logic of a primary doctrine

Given a primary doctrine B° _P_, ®os
consider the many-sorted language the objects of B as sorts
Write arrows in B as terms in context x, : b4, ..., X, : b, as follows:

» x;: bjis the i-th projection Mj:by x ... x b,—b;
» fort:bandf:b— b’ in B, the term f(t) is the composite

t f

b, x...x bp——b——b’

» fort,: b;...tm : b:n the term (t,, ..., t): b: X ... X b:n is
the unique arrow determined into the product bg X ... X b; by
the family t:b, x ... x bn—>b1( j=1...,m

TermsX | t,: band X | t, : b are equal iff their equality follows from the axioms

idp(t) =t g(f(t) =(gef)(t)  mlts,....tn) =ti  (m(t),..., m(t)) =t



The internal logic of a primary doctrine, IT

Write objects in fibres P(b) as formulas in context x; : by, ..., X : by as follows:
» fort:band ¢ € P(b) in B, the formula ¢(t) is P(t)(¢) € P(b; x ... x by)

Write Xq:bs,...,Xn:bn|TFg @ when Ayery<@ inP(byx...xby)
The following rules are derivable

X|T,o, ¢, AFq, 6 X|Tkq 0
X|T, g, 0, Abg 6 X|T,okg 6
X[TFrg, 9 XIT,obq ¢ X|T,obaq ¢
X|T,okag @ X|Tkg ¢ X'|T, o) b (1)
X[Tk, oAy X|Tkg oAy X|Thg @ X|Thg ¢
X|Tkg T X|Tkg @ X|Tkg ¢ XITF @ A Y




Elementary doctrines

Definition

A primary doctrine B°P _P . posis elementary when
for each parametrized diagonal dp a (M, My, Mm):zxb—2zxbxb inB

P(dzlb)
Plexbxb) T Pexb)

Hdz, b

» the left adjoints are natural in z
» they satisfy Frobenius Reciprocity

dd, ,[P(dz,p)() A Bl——=0 A 34,,(B)
F.W. Lawvere

Equality in hyperdoctrines and the comprehension schema as an adjoint functor
Proc.AMS Symp.Pure Math. 1970



Examples of elementary doctrines

Set°P L Pos
gop __ VI pys

CPS—Ubﬂ’os

CoP —>SUbM Pos

for A4 with finite products and weak pullbacks

for C with finite products and pullbacks of monos

for ¢ with finite products and
M a class of monos closed under pullbacks and diagonals



A characterization of elementary doctrines

Theorem

Let B® _P . Pos bea primary doctrine. TFAE
(i) Pis elementary
(ii) for every b in B there is &} in P(b x b) such that
@) x:bkqg, 5g(x, X)
(b) X1, y1: b1, %2, ¥2 1 by | 551 (X1, Y1), 5EQ(X2: y2) b, 5§1xb2((x1, X2), (v,¥2))
(0) x,y:b|B(x),8;(x,y) g B(y) forevery B in P(b)

Corollary

Let B _P . Pos bean elementary doctrine. Then
> x,y:b,z:b"|a(x,2),60(x,y) Fg, a(y,z)  forevery ain P(b x b’)

> x,y:b|6p(xy) kg 8, (F(X), f(y))



More examples of elementary doctrines

Set°P L Pos for H an inf-semilattice with a least element

5P
SxS 5 H
(50, 5) T ifs;=s,
=2 1L ifs #s,

T ) .
CtxoLp L Pos for T atheory in the A=-fragment of first order logic

5LT‘T

istheformula x; =x/ A... AX;, =X/
(Xigseees Xin) 1 ip n in



Elementary doctrines are 2-coalgebras

C
) R
—_—
PDoct T 5 EDoct
Z

}_ 7

J
Ps-C-Coalg

Theorem
The comonad on C is KZ and the comparison functor J is a 2-equivalence

J. Emmenegger, F. Pasquali, G. R.
Elementary doctrines as coalgebras J.Pure Appl.Algebra 2020



Elementary doctrines are 2-coalgebras

C
) R (A% (-)a
—_— —_—
PDoct T SEDoct L 5 QEDoct
F Z . Z
J
Ps-C-Coalg Ps-M-Alg

M.E. Maietti, G. R.

Elementary quotient completion Theory Appl.Categ. 2013
F. Pasquali

A co-free construction for elementary doctrines Appl.Categ. Structures 2015
D. Trotta

Existential completion and pseudo-distributive laws:

an algebraic approach to the completion of doctrines  PhD Thesis 2019



The functor of the comonad on PDoct

Given B _P . pos a primary doctrine
the primary doctrine C(P)is £ D257, pos  where

Objects of Ep are (b, p) where

» bis an object of B
» pis an object of P(b x b) such that

> x:bkg p(x, x)
> x,y:blpxy) kg oy, X)
> x,y,z:b|p(xy) PV, 2) kg p(X 2)

Arrows of Ep are f: (b, p) — (b’, p”) where
» f:b— b’ isin C such that

> xy:blpxy) kg p (f(x). f(¥)
Desp(b, p) is the sub-poset of P(b) on the objects 8 in P(b) such that

Xy :b|BX), p(xy) kg B(Y)



R
—
PDoct T 5 EDoct
C t?(?p L Pos Ctx(;?q ﬂ Pos
gop __ VIn  pye z\‘;m )oP Sub
- \_/—/i

B. Poizat

Une théorie de Galois imaginaire
A. Carboni, E. Vitale

Regular and exact completions

Examples

J. Symb. Log. 1983

J.Pure Appl.Algebra 1998



Examples

R
—
PDoct T > EDoct
Gr(HO) op ClSub
Fzs(H)*? —— Pos Eor(n) —— sep([F£%P, Set])*® =22, Pos

R(Gr(HO)))

M.P. Fourman, D.S. Scott

Sheaves and logic  Applications of sheaves LNM#753, 1979
G.P. Monro

Quasitopoi, logic and Heyting valued-models J.Pure Appl.Algebra 1986
0. Wyler

Lecture notes on topoi and quasitopoi 1991



Examples

R
— T
PDoct T > ‘EDoct
Gr(HO)
FZS(H)op (—)> Pos fgll?(H(—)) o sep([]—[opl jet])op CISub Pos
R(Gr(H))
Proposition

: , Gr(HO) . . .
The primary doctrine Fzs(H)°P LZ Pos is the comprehension completion

of the primary doctrine Set°P L Pos



Examples

R
/ﬂ}
PDoct T 5" EDoct

op BT (HT)

Fzs(H) ‘Pos EOP . sep([H°P, Set])°P ClSub | ¢,

r(HO)
) R(Gr (HO))

Fzs(H): S, a) f:S]:»S’ (s, a")

st.aeHS st a(s)<d’(f(s)), s€S  st.a’eHS

Gr(H)) (S, a):  the sub-poset of H on the objects B such that
B(s)<a(s)forallseS



Explaning the quotients

The quotients Fym — « 4ex and fGr(H(_))—»sep([ﬂ{W,Set])

identify arrows exactly when they have the same actions on “parametrized
propositions”

Proposition

Let B _P . Pos bean elementary doctrine.
For f, g:b— c the following are equivalent

(i) x:b,z:b" | a(f(x), 2) 47, a(g(x),z)  forevery ain P(c x b’)
(ii) x: b ko, 6°(F(x), 9(x))

M.E. Maietti, G. R.
Unifying Exact Completions Appl.Categ. Structures 2013
C.). Cioffo
Homotopy setoids and generalized quotient completion PhD thesis, 2022



Elementary fibrations

Definition

A fibration ‘E L) B is elementary when
» B and ‘E have finite products, and p preserves them
» for each parametrized diagonal d,p < (M, Ty, MW):zxb—zxbx b inB

p~'(dzp)

p~(zxbxb)™—T — ’p(zxb)
Hdz,b

and the left adjoints are natural in z, and satisfy Frobenius Reciprocity

3, [P (dzb)() A Bl—= A T4, (B)



Elementary fibrations are pseudo-2-coalgebras

T
@ R
e T .
PFib T Y ‘EFib
F K
Ps-T-Coalg

Theorem
The comonad on T is KZ and the comparison functor K is a 2-equivalence

J. Emmenegger, F. Pasquali, G. R.
Equality is pseudo-coalgebraic in preparation



The functor of the comonad on P¥ib

For a fibration ‘E L B, Band E with finite products, preserved by p
the fibration T(p) is as follows:
Ep is a full subcategory of Gpd (E):

S
/;\O d’
2 9o d. gs < 9
1
pl ~(idp, 1db)§nf'-%r1)<_ T, T,)—
B b=p(go) __n__bx bigg;, 112%: bxbxb

el
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