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2 What did Bousfield and Kan do?



2.0 The way we’ll tell this story



2.0 The way we’ll tell this story

1. Introduce some things about model categories

2. Introduce a thing from enriched category theory

3. Repeat some random facts about all the above and promise

that it’s all interesting



2.1 Some bits of model categories



2.1 Some bits of model categories

Lots of missing details here!

A model category is a category with three classes of morphisms:

I fibrations

I cofibrations

I weak equivalences.

These satisfy some nice properties, akin to “surjections, injections,

and isomorphisms” in the category of sets, e.g. every function

f : X æ Y factors as X Òæ (X Û Y \ Im f ) ⇣ Y (or, a bit oddly,

X ⇣ Im f Òæ Y ).

Better examples come from homological algebra (chain complexes of

modules; projective, injective, and quasi-isomorphism) and cellular

topology (CW complexes; fibration, inclusion, homotopy

equivalence).



We say that an object F is fibrant if F æ ú is a fibration, and an

object C is cofibrant if ? æ C is a cofibration.

Given X , we can always find a fibrant replacement X ≥
Òæ F and a

cofibrant replacement C ≥⇣ X .

In a model category, it turns out that the best thing is when you

look at morphisms from a cofibrant object to a fibrant object:

I Hom(C , F ) is a “space”

I C Õ ≥≠æ C =∆ Hom(C Õ, F )
≥≠æ Hom(C , F )

I F ≥≠æ F Õ
=∆ Hom(C , F )

≥≠æ Hom(C , F Õ
).

Again, good examples come from homological algebra (Ext via

projective/injective resolutions) and homotopy theory (mapping

spaces and sheafification).

The dream world: the subcategory of cofibrant-fibrant objects.
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We are often interested in functor categories [C, D], so what

happens if we want this to be a model category?

I Easy: if D is a model category, then we can say that

– : F ∆ F Õ
is e.g. a cofibration if –c : F (c) æ F Õ

(c) is a

cofibration in D.

Everything is object-wise.

Example: simplicial presheaves [Cop, sSet] = [Cop, [�
op, Set]]

I Hard: if C is a model category, then. . . well, if it’s further a

Reedy category then we can use the Reedy model structure.

Weak equivalences are object-wise, but we need to do

something fancier for (co)fibrations.

Example: simplicial objects [�
op, C], including simplicial sets

[�
op, Set]
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2.2 “Weighted colimits”

Don’t ever repeat any of this. These are not good definitions.

Given the data of

I W : Iop æ C
I F : I æ C

we can construct the weighted limit {W , F}I
. This generalises the

usual limit, if we take W to be the constant functor to the terminal

object:

{ú, F}I ≥= lim
I

F

Weighted (co)limits are very interesting, and they turn up all over

the place. For the rest of this talk, I’m going to call them functor

homs.



2.3 Some random facts and claims



2.3 Some random facts and claims

I Simplicial sets X• œ [�
op, Set] are basically sort of just

topological spaces, so we’ll just call them spaces and just write

X .

I Cosimplicial spaces X ı œ [�, Space] are cool and we often

want to take their limit to get back a space: lim� X ı
.

I There are three really interesting cosimplicial spaces:

1. The point ú : [q] ‘æ ú
2. The simplex �

ı
: [q] ‘æ �[q] = Hom�(≠, [q])

3. The homotopical simplex �
ı

: [q] ‘æ N (�/[n])

and they are interesting for a good reason that I will now

actually tell you.
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These three cosimplicial spaces let us calculate three interesting

things:

I the limit: {ú, X ı}� ƒ lim X ı

. . . this is interesting because it’s from category theory and we

love category theory :-)

I the totalisation: {�
ı, X ı}� ƒ Tot X ı

. . . this is interesting because . . . um . . . it’s easy to

compute? and it does recover some interesting constructions

(like principal bundles) I guess. . . but :shrug:
I the homotopy limit: {�

ı, X ı}� ƒ holim X ı

. . . this is interesting because it gives us the actually well

behaved version of the limit that really understands

homotopical / homological things and isn’t too strict (also lots

of examples! e.g. loop spaces and principal bundles and

representation theory) but oh heck is it di�cult to compute in

general



Even better, these three cosimplicial spaces fit together sort of

nicely: �
ı

and �
ı

are both cofibrant replacements of ú.

? Òæ �
ı ≥⇣ ú

≥⌘ �
ı ΩÚ ?

Keeping in mind that {≠, ≠} behaves really nicely whenever the

source is cofibrant, this means that Tot = {�
ı, ≠} and

holim = {�
ı, ≠} are both “better” versions of lim = {ú, ≠} if we

care about the sort of homotopical structure that our model

category is describing.

But how do Tot and holim relate to one another? If they’re both

“better” versions of lim then which one should we pick?
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Idea. Since �
ı

and �
ı

are both weakly equivalent to the point,

they’re also weakly equivalent to each other, so surely {�
ı, ≠} and

{�
ı, ≠} are “weakly equivalent” functors?

Problem. Weak equivalences are tricky: they don’t always have

actual weak inverses. That is, just because we have some

f : X ≥≠æ Y , that doesn’t mean that there exists any g : Y ≥≠æ X . In

fact, there doesn’t even have to exist any non-trivial g : Y æ X at

all.

Motto. Knowing that two things are weakly equivalent is often not

enough. You need a witness.
Lemma. Any two cofibrant resolutions of an object automatically

inherit a morphism between them (witnessing their weak

equivalence)

. . . if one of the resolutions is also fibrant.

Problem. Neither �
ı

nor �
ı

are fibrant.
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Recap

I The point ú is good because it recovers the limit via

lim = {ú, ≠}, but the limit is kind of bad because the point is

not cofibrant.

I We can cofibrantly replace the point with either �
ı

or �
ı
,

meaning that we’ll get two really nice “limit” functors

I Tot = {�
ı, ≠} is nice because it’s not much harder to compute

than lim but bad because it isn’t as delightful as the homotopy

limit

I holim = {�
ı, ≠} is nice because it’s the homotopy limit (yay!

limits up to homotopy! so natural!) but bad because it’s a mess

to compute.

I We could say that Tot ƒ holim if we had an explicit weak

equivalence �
ı æ �

ı
but none of the machinery of model

categories will give us one for free, because everything is just of

the wrong chirality.
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I Construction. (Bousfield–Kan) There exists a weak

equivalence �
ı ≥≠æ �

ı
and we can write it down and it’s not

that complicated.

I Corollary. If you want to compute the homotopy limit of

something (fibrant) then you can just compute the totalisation.



3 Some new results



The short summary



The short summary

There is another interesting cofibrant replacement of the point: the

homotopy-coherent simplex —ı
.

This means that we get another “limit” functor

hcTot = {—ı, ≠}

. . . but why should we be interested?

1. The way in which —ı
was first noticed was precisely as the

coclassifier of the hcTot construction (for simplicial twisting

cochains) back in this work by Green–Toledo–Tong.

2. It’s basically just as easy to compute as Tot.

3. It’s “closer” to holim than Tot is.
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It turns out that —ı
is sort of the tensor product of �

ı
and �

ı
so

it comes with natural comparison maps to both of them:

ú ¢ yfin¸ ˚˙ ˝
�n

!¢idΩ≠≠ N (≠/�
n
inj) ¢ yfin¸ ˚˙ ˝
—n

id¢!≠≠æ N (≠/�
n
inj) ¢ ú

¸ ˚˙ ˝
Sd �n

Òæ N (�/[n])
¸ ˚˙ ˝

�
n

Even better:

Lemma. (Homotopy-coherent Bousfield–Kan) The map —ı æ �
ı

is a weak equivalence.

Corollary. The three following functors are all weakly equivalent on

fibrant objects:

Tot = {�
ı, ≠}

hcTot = {—ı, ≠}
holim = {�

ı, ≠}
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If they’re all the same then why do we care?

These three functors are all weakly equivalent (on fibrant objects),

but sometimes it’s very useful to have a specific presentation of an

equivalence class. In particular, this construction of simplicial

twisting cochains is cool for “geometry reasons” (I promise) and we

don’t see it if we only have Tot or holim.





4 (Homotopy homotopy limits)



4 (Homotopy homotopy limits)

Conjecture. hcTot ƒ hoTot
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