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What is quantitative logic?

In the words of Lawvere ‘73 paper on generalised logics:

“Logic signifies formal relationships which are general in
character, we may more precisely identify logic with this
scheme of interlocking adjoints and then observe that all

of logic applies directly to structures valued in arbitrary

closed categories VI, flor example in quantitative logic (V = R)."

Thus quantitative logic is logic whose judgments are valued in R.



Multiplicative Reals



Multiplicative structure of the positive reals
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First-order quantitative logic



The spectrum of p-means

Definition. For any p € (-0, ), p # 0, the p-mean of a finite set of numbers (a;); is
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One extends the above definition to p = +oco by taking suitable limits.” ¢
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The amazing p-means P N i 3 - ( gf% 510 o
Lemma. Harmonic sum SU\V‘ (3 i) >
1. satisfies the identity: P-=oo XV/(/U((\ >Q)
£ a

Jie () 2 u(i)

2. satisfies the Fubini property:
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3. is homogeneous (i.e. multiplication distributes over it):
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Lemma. Harmonic sum

1. is monotonic in the argument: if, for each i € I, (i) < ¢ (i), then

IRUEIR

2. is antitonic in the index: when J C [, one has

[ ety i ol
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The spectrum of p-means

We have A < f - f M \/, with the (exterior) gap narrowing as p increases:

= harmonic p-mean = max - min = p-mean

p

Unlike p-sums, p-means compensate for cumulative effects»
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Means as bounded quantifiers

Idea. Mean and harmonic mean correspond to bounded quantification:

T e c—

Fi.(iel)ra(i) > @m@a(,)

A mean is a just an integral over a probability space so we can directly generalize:

(T, de)
IM——;E%J}

Cogmyy

diel a(i) <~~~y faldl
ie

for I any probability space. Duality also suggests this interpretation since

Viela()=-3iel-a() s L;pa(i):(fpa(i)*di)*,

iel

i.e. we dualize a(i) but not the domain of quantification.
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The mirage of an enriched hyperdoctrine
To each probability space I we can try to associate an [0, co]g-enriched p-Lindenbaum-Tarski
algebra of real-valued predicates: \

elements ¢ : 1 — [0,]s

. o ) ; =1
L P P T

If it worked, it would embody the enriched generalized logic as a functor
LT? : Prob®® — [0, oo],-Cat

and quantifiers would be given as adjoints tp reindexing, justifying their definition.

Fude € 93
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The mirage of an enriched hyperdoctrine

Fix 71, : Ix J — I, an enriched left adjoint [* 4} would satisfy
— 1

forallg e LTP(Ix J),y e LTP(I), [P riy =@ by 7y

which unpacks to

[ ([ etin)<wtr = [ eti < vt

jed

which is true by the fundamental relation of harmonic sum.
Similarly, we would have r; - f_p.

Notice: it’'s absolutely crucial that +, is enriched!
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The mirage of an enriched hyperdoctrine

Why doesn't it just work?

Entailment isn’t transitive. It's worth to see in detail why (for p = 1 for simplicity):

@llﬁ)@(whg)ﬁ(#’ﬂgn‘:’ (ery) ' @Wro) >(pr o)

Thus A ——=47A

) (i) oli) (i) 0]
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Grading to the rescue!

Lemma 1.13 (Generalized Holder’s inequality). Let p,q € [0,00]g-, let f,g: X — [0, 00] be

measurable functions. Then

p&’q 'J p [ q
J (f (i) ®" g(i)) di sU f(i)di)@*(f g(i)di). (1.32)
Li»el Ly i€l (_I_EL—\J

—J
|4 %llparqg < g1 & (1Zlg
Lemma 1.14 (Dual Generalized Holder’s inequality). Let p,q € [0, 00]g, let f,g: 1 — [0, 00]

be measurable functions. Then

_p —q —p@'q
U f(i)di)@(f g(i)di)sf (f(i)®g(i)) di. (1.33)
i€l i€l i€l
—’/_/

—
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Consider now the sets L(I) of measurable functions valued in the extended positive

reals [0,c0]. For each p € r0,+oo] define

ok, = J- (i) —o P(i)di. (4.1)
~> (15 LT<[T —,Ea,{;o:s\%ﬁ,m

This satisfies

1. graded reflexivity:

Y e .
L= 1di < tdi = 't 42
J:eI 1 J;el ¢ 1 ((e = 3 “2) 2’(
2. graded transitivity: ; (1:0/ ], o0, @7 £ )

<Pi= p) ®(¢ < (P Fpgrg X) (4.3)

—

which amounts to dual generalized Holder inequality:

¢ -p&” :
( s ) (J- ' xl0) 1)_f AP (4.4)
ier (i) jer $(0) ier @)
3. relaxation: for p <g, Lj._t T fov T —%‘b
ok, 0) <ok, ¥) AN e (45)

by general properties of L? norms over probability spaces.
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T ITxd> —T

L Rt (we)Pe 2 A |

= PR
1y — T‘—Q 5 de/ - S ¢—¥

S LS | g(gq»ﬂr U@—wf.

Definition 4.11. We say an mdexed zv{)/ -preorder satisyfing Theorem 4.7 (existence of
p-adjoints to reindexing along projections for all p € ;)vf) Lemma 4.9 (Beck-Chevalley
satisfied for all left p-adjoints) and Lemma 4.10 (Frobenius condition with respect to ®)

is soft-first-order.
Theorem 4.12. The functor L : Prob®® — (&*,®)-Prd is a soft-first-order hyperdoctrine.
ol fibeioat

6 ()" Y’ v--

eV
P

(§ (5))


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Sequent calculus

- R —p,
“/vmx@fi( m’f/ T~ X 8- X@% = /L{’ = LAHLL L Pl ) == Yy,
il .

We ponder sequents of the form

x:pX|TFA (6.1)

1. P=(pi;..-; p») is an ordered sequence of harmonic reals p; € [0, ]g:;
m

2. x:p X =(xq:p, Xq,-+, % 3p, X,) is a list of typed variable declarations, each tagged
by the corresponding p; € P, called its softness,

3. T'={yi(x),..., yu(x)} and A = {01(x),...,d;(x)} are finite sets of formulae using only

variables in x.
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6.1. Variable contexts. The following are not really rules, but rather definitions. The
presence of variable contexts is the main difference between this and the propositional
calculus. In fact, we recover the propositional fragment of our logic by working in

the empty context.

x:p X ctx Y type g € [0, 00]g:

Nom (EMPTY) %7 70 X, ¥ oix (INT) (6.7)
where PQ = (py,...,Pi-q1,---+4qx) 1s concatenation.
6.5. Weakening. Weakening is sound in L:
x:pX|T
*pXITH9  wEAK) (6.13)

xpX, 94 Y|Tre



6.3. Structural.

x:pXIF,SF-A
x:;:XlE,l‘!—A

x:pXIFI-E,
x:pX|TrA,

(EXp)

A
= (EXR)

For P < QI

x:oX|THA

Sl 7L RN
x:pX|l"+-A( )

6.4. Axiom & cut.

xpX|Trp ® x:oX|T,@rA

x:p X ctx
xpX|lore

(AX) (CUT)

where P®* Q = (p1 @ q1,...,Pk & qk)-

(6.10)

(6.11)

(6.12)



6.5. Substitution. The following rule is sound in L:
v Y|ITHA XY
x:p X|T[y/f(x)] - Aly/f (x)]

(SUBST)

where f : X — Y is a term.

From Rule RLX and Rule SUBST applied to diagonals A : X — X x X (Remark 4.4),
we can prove:
xpX,x:gX|TEA

(CONT)
XPAQ X I A



Mobile User


6.6. Quantifiers. The following rules are reversible:

x:pX|T[LAw: g Y)ey)+A
xpX, Y| T, @rA

xpX,yoY|[THY
x:p X|THVY(y:q Y)9()

where 3(y :g Y) is short for Jy, : Y;---dy, 3, Y, and these are to be interpreted

(EXIST)

(UNIV)  (6.14)

semantically as 3% —and likewise for V.



6.7. Multiplicatives.

xpX|Lo¢pT' A
xpX|[LeepI'+A

xpX|THA @A
xpX|THA @', A’

(®L)

(®'r) (6.18)

x: X2 |TFAQ ® 2:5Z,y: Y| A
‘ = (®r)

Z Re'S 2, X5p X.yZQ Y: |F,F’FA,({7®§D.A’
zrZ,xpX|T,prA ® z:5Z,y: Y |pT'HA
Z:Res Z:x:p X,y 0 Y T, @', T"FA A

(®™L)

i@_:_ R<pPriR ¢ (];9/00'1 Lo, e, 5_) ¢ Global co/tensor. No variables are shared, and we get reversible rules:

R
U xpX|TFA @ ® y:Y|['+A

, : (®R)
xpX, Y |LLT'FA @®1,A

xpX|T,prA ® p:iY|pT'FA
xpX,p: Y|l o', I"FA AN

@)

* Local co/tensor. All variables are shared, recovering the structure of Lemma 4.5:

Z:RZ|F}'A,(P ® z:SZ|l'"I—([),A'

!
®
Z:es Z DT FA @@, A (®R)

ZZRZ|F,(P|'A ® ZiszllP,F'I-A'
Z Re'S Z I F,qo@*v,b,[" }-A,A’

@}
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6.8. Additives.

xoX|TeI'rA & x:(oX|TL¢T'+A

xi X T, P,I'+A
x:qXITFA QAN &F x:(gX|THA PN

xpX|Tpe” 9, I"+A

xoX|TrA e PN

(®R)

xpX|T,oI'FA & x:pX|TpT'FA
xpX|TrA o Py, A

@)

xpX|TrA @ AN &P xpX|THAPA

(&)
XZPX|O|'A

(ZERO)

(o]
x:pXIFF

(INFINITY)
o0

(L)

(1)

(6.22)

(6.23)

(6.24)



