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C’ledi{& These ideas go'vsf aﬂmmd w the work Of Alex Sim‘»wu.
Here we ?mwt nefiements due to Dario Stein (aud later, MM) .
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3. SHEAVES IN PROBABILITY - %- categoties

A
Tdea. Dagam cateqorics mmdirected graphs
- - . e
cate 401445 directed aaap'lvs
c
Examples. Rel Mat Ko
o’ +

Definition. A dagger strucdure ow € ira functor € —> € such that

‘ Omochd’s, X+ = X;
'04‘ zmmpkwa, e*” s { .
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Tllemau, We have am adjoint eqw‘vale»nce of cafeﬁoaiu

fpi Reﬂ

¢pi -nes. ind, cats

Junctons prorving

wd. p!u, §-m. npams

Coirom
Subcat. af +- epis

a. Paeh
3. e {11'; W.t":ﬂ}
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Prob” — Set
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bg@ c',uc'iiwu, ﬂte LP' 6”4“ gwu:im one couabmcfwl ) foaow&.

Prob” — Set

X — LX) - {eq. darses of p-iafegrable RV

X LP(X) x5yt R
“ | P |
\ LA(y) v

Problems 1) The descent condition involves complex measune bheory .,

2) Kemel pains, i probability, dou't exiat! \%
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Dgfiuihou. dt T bea T-category. A commutative square of (co-)irometrios
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émw&. :Fm Mat, nomelio - {wm aomebric msalii«?. :FO'l D=0: O'Uuwsw X/

3Fo¢ b}{ O : qee,mfluoaouae 4%%
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for D F0: faq | s.f (-tes)

D is called independent ifl f.qt = a*t.



Deiim'tiou. Au independent puU.‘mck Y o wnivewal iudepeudent rquare. * mot always
a pullback!

/w‘\’i
N A



3. SHEAVES IN PROBABILITY - Lidependest squares

Definition. Au independeat pullback”™ is o wnivomol independent squane.  # ot aluays

a paﬂ&uk.’
/ g \A

\



Deiim'fiou. Au independent Puﬂluwk*i& a wmiverral iudependent rquare. * mot always
a pullback!



3. SHEAVES IN PROBABILITY - Lidependeat squares

Deiiuifiou. Au iudepudwt Puu.’:ad( *4'6 a umiversal Mcpmclmt Aquane. ¥ mot a‘wuﬂ ’
a pullback!

Example. For Km and D=0 (iudependeut product): product of probability spaces
D f/ O 2 co«dif“aual Pwduct 0,( ?ﬁObaLclc‘ty épam



3. SHEAVES IN PROBABILITY - Lidependeat squares

Deiiuifiou. Au iudepudwt Puu.’:ad( *4'6 a umiversal Mcpmclmt Aquane. ¥ mot a‘wuﬂ ’
a pullback!

Example. For Km and D=0 (iudependeut product): product of probability spaces
D f/ O 2 co«dif“aual Pwduct 0,( ?ﬁObaLclc‘ty épam
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AP S
k TI’/ \1 m//xs\\fi
2 Y k> Y
m Ny
‘thpm’ty R&W kewel pai
pan Ltdepualwt kmd P““

Rc.ﬂ(cxivity (Jx > 1, .77
SVMJH TI,"IT," = N, ‘”14’

Tww‘b'vify m-at-m,-nt > W07
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4 X (1 s X T
1r/4 N 7 AN\
k> y LNy

Pwpm’ty &W kenel [’“i" lualepualmt Keruel pait

R%;V;t? ;Jx e '“.z ’ W4+
S‘,de leo‘lT," = N,- ‘”g+
Tmtivify m-a5t-m,-0t > W07

IJW‘)Otw‘/ n;- w,*- v, - ”1+ = Wz ‘ ﬁ4+
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3. SHEAVES N PROBABIUTY . Conditional expectation

Wy X U
kigﬂ K‘\‘ Y Wo- WS = whew
7, X/rr N Kage Jor all A€ 4, mtx (Al-) - P[A,“’J

Desceut data (7, L7) : RVs Jel'(X) st (r+m)*f=f & E[f] r) =4,

Iutui{iow the ~¢q«ivw(aou relotion” is the idufofcuf s , ")wwiaa the same Local averaqos ",




3. SHEAVES IN PROBABILITY - Conditional expectation

m X w
K /4/' "\‘\A W,-W' = whew

[y
bx/; Qe Kuw: fou all Aed, wtx(al-) = P[A]n]

Desceut data (w, L") : RVs fel'(X) at. (n+m)*f=2f & E[f|n) =1

Iutuifiou: ﬂ& 'q«:m«fuu u(afa'ow' 73 Hw 'du.rofaef (/R 5 m, ")wwiaa an Adwme Iocd avmsa !,

4

Tlumw Lt 2: €™ .Sdlnaptu‘u{maa{m”uu%»ywﬂsddm Z
Thea @L‘“ s always au afomic sheaf.
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bd c'au'iism, Tlte LP' éfau gwucftm one cowsbtacu 3} fbao%.

Prob” — Set K™ 5 Set
X — LX) - {eq. darses of p- iufearable RV&}
LX) xByERr X U)W xR | k() = [16) k(dylx)
Y

X
Pl te 1 o e
\{

LP(vy) Y—[-’R v U'(yy §.y—R

ﬂmafuc LF is an atomie Juf ou Proh .
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4. STATISTICAL EXPERIMENTS - Moin definitions

! make "observation” S —» X .
IJea To ¥mlwl "whete we are ou S we am

(3« thir talk we oul«, Look at determivintic o!mavd'm.)

Depud",us on what we rce, we updafc om paoLaLi«mc'qz

3 1k % Y%

-) = P(A). + P(8)-
———— iy 1 P(-)
mam s / | P(d,‘)
8 X R X
A
A \
‘/2/3 i o
—————+——+— Sl e
X
o ————
eooo————t——— X
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X
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4. STATISTICAL EXPERIMENTS - Decomposition of measincs

3 k3% Y

X
A 8
Tdea. We e the theors of momads.
é‘i‘f_‘L{e‘ 1+2+3 TN

! evaluate 14 alge&m» 0{ &u( comufativc MO"O‘.J MMQJ
6 N (aka. ba‘s)



4. STATISTICAL EXPERIMENTS - Deconposition of measires

Tdea. We ue the Hum., of monads.

3 T |
Example. i T e ot e conmtitive monoid wonad
6 IN (ak.a. 5@3)

PPX Z-4. miixture models:

o (’MMM'&“@M' PJX" ~\ - zi/\ ‘3 /L
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Dgfiniiiou. The Junctor Piob”2s Set ir comstuncted an Pollows.
(X,f“,r) — {mePPX lplm) =p} (f"),,m ﬂ PX

wl I
(Y,8,9) — {nepPy|uln)q] - Pv

Theorews. Lok B+ CT>Set bea pasheof on o dugger cobegoy wiedilstons
(recall)
TLM QLL. 7 aluag,s au afomic sheaf.



4. STATISTICAL EXPERIMENTS - Desceut condition

44&;{:04 The ¥mfm Paoy'——’ Set i combructed ar follows.
(Xﬁ‘,r — {mePPX Ipldn):p} (f"),,/n ﬂ 23

11 1
(Y,8,9) — {nepPy|uln)q] . Pv

Theae e, Dira Alual
Lutuition: am experiment decomposes the probability aceording to its "1esolition”
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