


The abstract syntax of a formal language is the essential syntactical structure 
reflecting the semantic import of the language phrases.  Abstract syntax has 
both synthetic and analytic aspects: the former concerns the constructors 
needed to form phrases, the latter the destructors needed to take them apart. 
The categorical algebraic point of view regards abstract syntax as an initial 
algebra: the structure map is synthetic syntax, its inverse is analytic syntax. 
Initiality provides compositional semantics (as the unique homomorphism to 
a model) by structural recursion, with an associated principle of structural 
induction.

Specifications of language phrases are typically given syntactically by means of 
signatures or, more generally, typing rules. In this talk, I will explain my thesis: 
(i) that these are notation for polynomial diagrams, and (ii) that abstract syntax 
arises from the associated polynomial endofunctors by free constructions.  I will 
do so by considering a variety of language features of increasing complexity: 
mono and multi sorted algebraic term structure, simple and polymorphic type 
structure (with variable-binding and parametrised-metavariable term structure), 
and cartesian and/or linear context structure.  The mathematical development 
naturally leads to the consideration of two kinds of polynomial functors: the 
traditional one between slice categories, arising from locally cartesian closed 
structure, and another one between presheaf categories, arising from essential 
geometric morphisms. The former polynomial functors (and their initial algebras) 
have a type-theoretic rendering as indexed containers (and general trees) that is 
directly implementable in dependently-typed proof assistants. This is not so for 
the latter polynomial functors and I will present an approach to bridging this gap 
via adjoint modalities. 
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