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What's a hybrid dynamical system ?

Ex1_
"

A room with a thermostat " : an office in an old building
with a window AC unit ; it's summer .

There is one variable T -
- temperature , T c- Ito ,Tz7 .

Say 1- <T
, ; the room is heating up . Say

did =L ( in some units )
Once T reaches Ty AC turns on and the room cools :

data = -1
until T reaches To and then AC turns itself off

dat
EÉ = M ,

Ri is a map from { Til C- M ,
to Mz

,
R , (7) = IT c- Mz

Rof To F) R ,

Ro is a map from {To / E Mz to Mi
,

Ro (To )z To C- Mz 10,773
- day
, Ri

[←_] = Mz •m
,

•

Mz
To T

, Ro

✗
h

Two variables : hzo ( height )

£2 Bouncing ball :, Ve IR
, velocity

d¥= -g d¥=v

Say collision with the floor is perfectly elastic, so F- 2m¥ + mngh
is conserved

. During collision w. floor v changes to -Vi
nu

h = 1g ( Em - ¥1
•-→

F. > h
Makhno )←Ñ / Hot X - v ¥ - g¥:# R : 10 } ✗ C- go] → M

, RIO ,v) - lo, - V)

qQR
"

a partial map
"



②
Definition A hybrid dynamical system consists of the following data :

• A (directed multi ) graph A- {A ,
⇒ Aol

• It node/ vertex a c- Ao of A a manifold with corners Ra and a vector field Xa : Raat Ra

• t edge /arrow a -9 b of A a relation Rs ! Ra- Rb
,
i. e. a subset RyE Ra ☒ Rb .

Rr is called a reset relation

Definition An execution of a hybrid dynamical system ( A ,
Kra

,
✗a) latao

,
IRINA

,
)

is it an increasing sequence ltifiear of real numbers ( i c- K is also used )

2) a function % : IN - Ao

3) a function 4 ! 1N - A , compatible with Yo : Yo liJ % / i-D

41 an integral curve 9. :[t.it , ti]→ Redi ) of Xeoci) : Ryon- TRq.ci) so that

( Ti (ti) , Jin Iti )) c- Reali)

→ii Redi )
¥1 Ii) Ryo 10+1 )

%÷É'
How do we turn hybrid dynamical systems into a category ?
Well

,
how do we turn continuous time dynamical systems into a category ?

A continuous time dynamical system is a pair (M , X) where M is a manifold and X : M -TM

a vector field . A morphism from (M,X) to (N, Y ) is a smooth map f : M - N so that

Tfo ✗ = Yof : TM TN

✗ T y y
commutes.

M f- N
Y * ✗ are treated oor Y ✗ ✗ are semicoajugate

We get a category DS : objects (M ,
X : METM )

morphisms Homos ( CMA) IN, 4)1=1 f : M- N / Tfo 11=4of}
.



Reeks ③

I. An integral curve 8 : I- M of a vector field X : M -TM is a smooth map

so that TV ( dot ) = ✗ • V
,
ie
.

V : (I, dat ) - (MX) is a morphism in DS
.

2
.

There is a forgetful functor U : DS - Man
,
a ( (MX) f- (Nih ) = MIN .

U doesn't seem to have any lifting properties , but . . .

The assignment M*→ 2- (M) = vector space of vector fields on M
does extend to a flax 2- ) functor A : Mann - Rel Vect

Retreat = the 2- category of vector spaces, linear relations and inclusions

* ( m f- d)⇐Wii ) c-HIM✗XIN) / Tfo ✗ = Yof 4

Given NHN -8 Q
,

7C (g) o 2-(f) E A ( go f) .

Finally , DS (dynamical systems ) is the
"

category of elements
"

for Jt : Man → Retweet since

Hands ( MX ) , ④ , Y ) ) -

- l t :M→N I 4,4 ) C- If (f) 9
.

Here I am thinking HH ) ✗ = Y

Let's try something similar for hybrid systems .

Definition (provisional ) Let Rel Man = category of manifolds
and (set-theoretic) relations
A hybridise (

" hybrid manifold
" ) is a graph A together

with a map of graphs A- U( Rel Man)
( U(RelMan) -- the graph underlying the category Rel Man )

The issue of defining morphisms aside , is this right ?

8¥ Two rooms with two thermostats : phase space should be the product

µ . ¥7 - Al Reiman))x 14 : KH - U (Rel Man ) ) = 4×4 : '

✗ - Uki many



④

But 4T ⇒ to ) ✗ 4 ,
⇒ Do) = (this , ⇒ roxoo ) and so 0µF !

•

'

This says : the two AC 's have to turn on /turn off simultaneously!
But this is not what happens in real life .

Each dot here is the square

solution the adjunction Free : Graph← Cat : U LTo,Ti]×lTo,'
So try : a hybrid phase space is a functor

4 : Free (A) - Re /Man
,
where A is a graph .

Chef Free (fit)× Free (tit) -- Free It ) ,
which seems right -

(this is similar to parallel composition in labelled transition systems ) .
Now drop graph and Free :

A hybrid phase space is a functor F : A - Retreat where A is an indexing category

Morphism Recall integral curves of vector fields are smooth maps so executions

→ii Reni , should come from maps of hybrid phase

%oi+s)¥4s Ii) R%µ, , ,
spaces .

µ

I→ti+i ←
-

, Readiedoi+÷i+ This means :

→

[z→iti-l ti
Rudi)

Definition A morphism/map from F : A- Rel Man to G :B - Rel Man is a functor

4 : A→ B and a
"

natural transformation " T : F → Gob
,
aw ( Fla)← G / Celal ) )
Ta = asmoothfunctions.cothat t a

6- a ' in A
f- (a)
←G/Ulan

RM 1¥% { 616th
Flat ¥16641 ie (Takai) (RAI) c- G /614)

what's going on ?

Manifolds
,
smooth functions and relations form a d-OI-egory.pro/Man?

"

Recall :
"

A double category has objects, two types of 1- arrows " vertical
" and

"

horizontal
"



⑤

.

°É"%
.
Tiles can be composed vertically and horizontally :and tiles/ squares :

;¥•-<
• a-

•←
¥ ! ! !

:-<
•→I of

•

•
-É¥•€!

And the two compositions commute : I-91¥!
There is a notion of a functor between double categories : tiles go to tiles
and the two compositions are preserved .
An ordinary 1- category is a double category :

a Bb! =
idaq 44 { idb
a g-b

There are two kinds of natural transformations :

"

vertical
"
and

"

horizontal
"

Definition The category Hyph of hybrid phase spaces :

objects : double functors F : A - Rel Man☐ where A is a (small) category and

Rel Man☐ the double category of manifolds , smooth functions and relations .

Morphisms :
"

2-commuting
"

triangles A -4 B

1=5%6
Rel Mana

There is a forgetful functor IU : Hyph - Man : given F : A → Rel Man"

IU (F) = a¥g
,

Fla) . ( and
A 6- ☐

induce

¥%G
RelMana

Chloe , r) : I Fal - IG (b)
at Ao be Ro

Compose µ : Hyph - Man with A : Mom - Retreat (Metin .- space of vector fields)
on M

and take the category of elements of HoH : try Ph - Retweet .
You get Hy DS, the category of hybrid dynamical systems .



forget resets

Hy DS→D8
forget I Forget v. f.
v. f. Hyph= Man

forget resets

Now we can start constructing hybrid open systems . . .

One possible drawback of the set up : we can easily vary vector fields but resets

are fixed - they are baked into the definition of a hybrid phase space .

One may wish to vary resets as well - James Schmidt did this in his PhD

thesis in 2019
.


