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Overview: logic in category theory

Hyperdoctrines
Cloven faithful fibrations with fibred finite products and products in the base
Prop-categories

Doctrines

F.W. Lawvere
Adjointness in foundations Dialectica 1969, available also in Repr. Theory Appl.Categ.
Equality in hyperdoctrines and the comprehension schema as an adjoint functor
Proc.AMS Symp.Pure Math. 1970
B. Jacobs
Categorical Logic and Type Theory North-Holland 1999
A.M. Pitts
Categorical logic Handbook of Logic in Computer Science, vol. 5, 2000
M.E. Maietti, G. R.
Quotient completion for the foundation of constructive mathematics Log.Univer. 2013
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Doctrines

Definition
por P, Pos E L B faithful fibration
» B has finite products » B has finite products
> if p(d-3re) =idp(e) then s = id,
—1
Bop P po z-P.3
fr(e)=—e
f
P =)
the functor p~'(b) —— = p~(b’)
et f*(e) b’——b




Doctrines

Definition
Bop P, pos £ P, B faithful fibration
» B has finite products » B has finite products

—1
@°Pp ‘Pos L E P B

p

Pos | [P T, 3

f
the category [p: (b, @) ———m—— (0", ¢)
st. peP(b) st. @<P(f)(¢’) st. ¢’eP(b’)

BoP




The powerset doctrine

Definition

Bop P, pos £ P, B faithful fibration
» B has finite products » B has finite products
Example

74

Set°P L Pos —F

E
[ [—ets s
S

L5



The doctrine of subobjects

Definition
Bop P, Py £ -2 3 faithful fibration
» B has finite products » B has finite products
> if p(d-3re) =idp(e) then s = id,
Example

A with pullbacks (and finite products)

_qop S—ub> Pos ° L} o

[m][ [m ’]I !—>aL>a’
f

a—a’



The doctrine of subobjects

Definition
Bop P, pos £ P, 3 faithful fibration
» B has finite products » B has finite products
> if p(d5re) =idp(e) thens =1id.
Example

A with pullbacks (and finite products)

A°p S—Ub> Pos X —g> x’



The doctrine of variations

Definition
Bop P, pos £ P, 3 faithful fibration
» B has finite products » B has finite products
> if p(d-re) =idp(e) then s = id,
Example

A with weak pullbacks (and finite products)

3
g0 VI s — 7 v

a— (“q/a)PO [h]J/ [h/]l l&dmLa’

a———a’
M. Grandis
Weak subobjects and the epi-monic completion of a category J.Pure Appl.Algebra 2000



The doctrine of variations

Definition

pov P, py £ P, B faithful fibration
» B has finite products » B has finite products
Example

A with weak pullbacks (and finite products)
Vrn

A°P ————— Pos the poset (A4/a)po: ® o
a
M. Grandis

Weak subobjects and the epi-monic completion of a category J.Pure Appl.Algebra 2000



The doctrine of variations

Definition
gor P, Pos E L B faithful fibration
» B has finite products » B has finite products
> if p(d-3re) =idp(e) then s = id,
Example

A with weak pullbacks (and finite products)

A°P L Pos the poset (A4/a), X———

ar——— (A/a)po \ /

M. Grandis
Weak subobjects and the epi-monic completion of a category J.Pure Appl.Algebra 2000



The doctrine of variations

Definition
BoP L Pos 9 L B faithful fibration

» B has finite products » B has finite products

Example

A with weak pullbacks (and finite products)

ﬁl°pL>fP05 the reindexing f*: f*x—— x
a————(A/A)po hfl w.pb. lh
Ir I f ,
a’ ——— (A4/a’)po a a

M. Grandis
Weak subobjects and the epi-monic completion of a category J.Pure Appl.Algebra 2000



Triposes are doctrines

Definition
Bop P, py £ P, 3 faithful fibration
» B has finite products » B has finite products
> if p(d-3re) =idp(e) then s = id,
Example

H a complete Heyting algebra

H
Set® ———— Pos
S——HS
Ir =28
S H
A.M. Pitts
Tripos theory in retrospect  Math.Structures Comput.Sci. 2002



Triposes are doctrines

Definition

gor P, Pos E L B faithful fibration
» B has finite products » B has finite products
Example

A arelative ordered partial combinatory algebra

Pa
Set®® —=— Pos
P.J.W. Hofstra
All realizability is relative  Math.Proc.Cambridge Philos.Soc. 2006

J. van Oosten
Realizability: An Introduction to its Categorical Side Elsevier 2008

). Zoethout
Computability Models and Realizability Toposes PhD thesis, Utrecht 2022



The doctrine of a logical theory

Definition
gor P, Pos E L B faithful fibration
» B has finite products » B has finite products
> if p(d=5+e) =1idp(e) then s = ide
Example

T a many-sorted theory in (a fragment of) first order logic

-
Ctx;” _wif' Pos

(ty .., tm) , ,
Ct?CT: (X1:51,...,Xn15n)—>(y1151,...,Xm:sm)

WffT(X1:S1,...,Xn:Sn): X1:S1,...,Xn:5n|(0|_'['w



Primary doctrines

Definition

BoP LN Pos
» B has finite products
» each fibre P(b) has finite products
» each reindexing P(f): P(b’)— P(b) preserves them

Examples

4°p S—Ub> Pos for A4 with finite limits

20 — V™ pys for 4 with weak pullbacks (and finite products)

.
Ctx;” W' | pos for T a first order theory

Triposes



The internal logic of a primary doctrine

BoP P, Pos a primary doctrine
The theory Tp of the doctrine P is in the =A-fragment and has

sorts: the objects of ‘B

operations: x:bFf7(x):b’ foreacharrowf:b— b’ T, by
Xq: by, X2 by F (X3, X2) : by x by, for each product b, x b,
atomic formulas: x:bF"@7(x) foreach ¢ € P(b) F b,
axioms: x:bFTidp(x) =x

x:bF g (f(x) ="gof(x)
X1 . b1, X2 . b2 l_ r7T1—I((X1, Xz)) :X1 A '_7'[21((X1,X2)) :X2
X1, X3 0 b1, Xo, X, Do | X9 = X3 A Xo = X, b (X1, X2) = (X3, X,,)
x:b|Te (X)) FTY(x) fore < ¢ inP(b)
TET?
X:b T (X) AT (X) F o1 A @57(x)  for @4, @, in P(b)



Elementary doctrines

Definition

BoP L Pos
» B has finite products
» each fibre P(b) has finite products, and each reindexing P(f): P(b")— P(b)
preserves them
» for every object b in B there is 6, € P(b x b) such that for every arrow of the

My, Ty, T
(M, T, T03) ax bxb thefunctor

form axb
e — P((m, m>))(e) A P({m,, 13))(6p): P(a x b x b)— P(a x b)

gives a left adjoint to the reindexing P({m,, T,, T,)): P(a x b)— P(a x b x b)



A characterisation of elementary doctrines

Proposition

Let ‘BP - ‘Pos be a primary doctrine and let Tp be the theory of P

Tp
The doctrine Ct;(?f _Wif” | Pos is elementary

Theorem

The primary doctrine ‘B°P L Pos is elementary if and only if
the “Erasure” of the right-angled quotes can be extended to a homomorphism of
doctrines
C t?CTp C t?(_',;).f WffTP
El Eopl E\L Pos
B BoP



Adapting the characterisation

The category Ctxy, is “bigger” than the original category B
For instance

(v:c)
(x:b) "9 o) (z:d)
But  x:bF"g7("f(x))="gof(x)inT,
(t, ..., tm)

: _
Quotient arrows (X :S1,...,Xn:Spn) (ya:57,..
/ /
(t,....t)
in Ctxy, with respect to the equivalence relation ext given by

X1151,...,Xn:Snl_TPt‘]:t:/\.../\tm:t:n

. Xm :S:n)



Adapting the characterisation

Proposition

Let B°P 2 ‘Pos be a primary doctrine and let Tp be the theory of P

Tp
The doctrine Ct?(?f B factors through the quotient

C t?(%f’
l Wit

op
( Ct?CTP/ ext ) Wfpr Pos

and the factorisation is elementary



Adapting the characterisation

Theorem

The primary doctrine ‘B°P L ‘Pos is elementary if and only if
the “Erasure” of the right-angled quotes can be extended to a homomorphism of
doctrines

op
CtXr,/ ext (Ct’CTp/ ext) i
E ‘ EOP > Pos
B Bop P



Adapting the characterisation

Remark

When B°P P Pos is elementary we get that
E(xx2:b) (X1 = X2) = 6p in P(b x b)
But the formulas
(xs=x2) and "6p7(xq, x;) are differentin Wifr,(x,: b, x, : b)
Write Tl;r for the theory Tp plus the axioms

Xq ! b, X5 ! b | r5b—'(X1, X2) |_X1 = X3



Forcing internally equal arrows to be identitical

Definition

An elementary doctrine ‘B°P P Pos has comprehensive diagonals when
forf,f’:b—cin B

X:bbr Tf(x)="f(x) implies f=f’

f

Like before, quotient arrows b ¢ in B with respect to the equivalence

f/
relation ext given by
x:bFrs TF() =" (0)



Forcing internally equal arrows to be identitical

Examples

4°p S—Ub> Pos for A4 with finite limits

A°P _ e Pos for A4 with weak pullbacks and finite products

;
Ctx7® W' | pos for T a first order theory

Triposes on Set



Forcing internally equal arrows to be identitical

Proposition

Let BO°P B Pos be an elementary doctrine

The doctrine B® — ‘Pos factors through the quotient

BoP
J7 \
(Qﬂ/ ext)OP —5 Pos

and the factorisation is with comprehensive diagonals



Equivalence relations and quotients

Bop P, Pos an elementary doctrine

Definition
A P-equivalence relation is an object ~ in P(b x b) such that
> X:bkx~x
> X, Xo: b | Xi ~ X F Xp ~ X4
> X1, X2, X3 : b | (X1 ~X2) A (Xa ~ X3) F Xq ~ X3
A quotient of the equivalence relation ~€ P(b x b) is g:b— c in B such that
> X1, X2 : b | X5~ X Fq(x1) =q(x2)
» for every g:b— xsuchthat xq, X2:b|x:~ X2 F g(xq) = g(x2)

there is a unique commutative filling b i> o

|
le

X



Well behaved quotients

A quotient g: b— c of the equivalence relation ~€ P(b x b) is
effective if x4, Xa : b | q(x1) = q(x2) F X1 ~ X2
/
stable if in every pullback p L a thearrow q’:p—aisa quotient

Pl

bTC

Examples

A4°P S—Ub> Pos for A4 with pullbacks (and finite products) has stable
effective quotients if and only if 4 is exact

A4°p & Pos for A4 with weak pullbacks (and finite products) has stable

effective quotients if and only if 4 is exact



Well behaved quotients

A quotient g: b— c of the equivalence relation ~€ P(b x b) is

P(q)

descent if P(c) ——— P(b) where

~ J
full*

Des,q
X1, X2:b | @(X1) A q(x1) = q(x2) Fr+ ¢(X2)}
\% o

Desq

Desg := {cp € P(b)

effective descent if P(c)

)



Completing with quotients to an elementary doctrine

Theorem

Let BO°P B Pos be an elementary doctrine

The following data determine an elementary doctrine 'RPO

descent quotients of equivalence relations:
objects: (b, ~) where ~€ P(b x b) is a P-equivalence relation
arrows: f:(b,~)—(c,~) is f:b—c in B such that
X1, X2 : b | Xq ~ %, I—T; f(x1) = f(x2)

fibres: Des(b, ~) = {(p € P(D) | X1, X2:b | @(X1) A X1 ~ Xz b+ (p(xz)}
which is free among elementary doctrines with such quotients

p Des, poc with

Moreover quotients in R," Des, pos are stable effective

M.E. Maietti, G. R.
Elementary quotient completions Theory Appl.Categ. 2013



A cocompletion for primary doctrines

Theorem

Let ‘B°P L ‘Pos be a primary doctrine

Rpop Des

The elementary doctrine Pos is cofree on ‘B°P L Pos

Corollary
Given a theory T in first order logic, the theory of the elementary

Des
doctrine iRP °P Z=2, Pos has uniform elimination of imaginaries

J. Emmenegger, F. Pasquali, G. R.

Elementary doctrines as coalgebras J.Pure Appl.Algebra 2020
B. Poizat

Une théorie de Galois imaginaire J.Symb.Log. 1983



The elementary quotient completion

Theorem

Let BOP N Pos be an elementary doctrine

The elementary doctrine (Rp/ext)” Des,

equivalence and comprehensive diagonals

Pos has descent quotients of

Moreover quotients in R 225, Pos are stable effective

Examples

For A4 with weak pullbacks consider for P the doctrine Vrn: 4°°P — Pos
Then Rp/ext =] /qex/wlex and Des = Sub: (/le/wlex)OP L Pos

M.E. Maietti, G. R.

Elementary quotient completions Theory Appl.Categ. 2013
A. Carboni, E. Vitale

Regular and exact completions J.Pure Appl.Algebra 1998



Logical structure and the elementary quotient completion

Bop P, Pos an elementary doctrine

The doctrines R® 225, 205 and (Rejext)” — DS, pos inherit the following

» all fibres P(b) have finite coproducts and

each reindexing P(f): P(b’)— P(b) preserves them (P has finite joins)
» all fibres P(b) are cartesian closed and

each reindexing P(f): P(b’)— P(b) preserves exponentials (P has implications)
» each reindexing along a projection m,:a x b—a has a left adjoint

Ja,: P(a x b)— P(a) and they are natural in a: P(a x b) b, P(a)

P(g x idb)l lP

P(a’ x b) —> P(a’)
» each reindexing along a projection 1;:a x b— a has a right adjoint

Va,b: P(a x b)— P(a) and they are naturalin a
A.M. Pitts
Categorical logic Handbook of Logic in Computer Science, vol. 5, 2000



Weak comprehension

Definition

The primary doctrine ‘B°P N Pos has weak comprehension if
for every b in C and ¢ in P(b) there is an arrow j,:c— b in B such that

> x:ckr, (jo(X))

a
» for every g:a— b such thaty: a by, @(g(y)) there is a filling kl Y
Jo
C

—5b

) implies that x: b | (x) F ¢(x)

o
It is full when a commutative kl
d

lo%

F.W. Lawvere
Equality in hyperdoctrines and the comprehension schema as an adjoint functor
Proc.AMS Symp.Pure Math. 1970



Examples of weak comprehension

A°P S—Ub> Pos  has full comprehension for 4 with finite limits

A°P _Vm | Pos  has weak full comprehension for 4 with weak pullbacks
and finite products

Doctrines obtained by changing the base, for instance:

op op
u 50 Pos PAsm® —Y &0

‘Pos

Set°P Set°P

Top??

Also, comprehension can be freely added to any primary doctrine (and it is full)
For instance, comprehension can be freely added to a tripos



Categorical structure and the elementary quotient completion

gor P, Pos an elementary doctrine with weak comprehension

)op D

The doctrine (Rp/ ext =5, pps inherits the following properties

» P has finite joins, is existential, and B has weak disjoint coproducts
» P has implications, is universal, and B is weakly locally cartesian closed
» P has implications, is universal, and B has a weak classifier

In each case, the structure is turned into a strong one.

A. Carboni

Some free constructions in realizability and proof theory  J.Pure Appl.Algebra 1995
C.J. Cioffo

Biased Elementary Doctrines preprint 2021
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