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DFA Learning (L*, Angluin’87)
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L(H) = L?
No = counter-example



L* for DFAs
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S,E ✓ A⇤



L* for DFAs
<latexit sha1_base64="P4l5pUW5RkDo5kKZ6zR+Uwup4P4=">AAACD3icbVBJSgNBFK2OU4xTR5duCoMgIqFbRF1GRXAZ0QyQtKG68pMUqR6sqlabJofwAG71CO7ErUfwBF7DStILk/jgw+O9P/HckDOpLOvbyMzNLywuZZdzK6tr6xtmfrMqg0hQqNCAB6LuEgmc+VBRTHGohwKI53Kouf2LoV97ACFZ4N+qOATHI12fdRglSkstM39zcImbMnIlKLjHZ3f7LbNgFa0R8CyxU1JAKcot86fZDmjkga8oJ1I2bCtUTkKEYpTDINeMJISE9kkXGpr6xAPpJKPXB3hXK23cCYQuX+GR+nciIZ6UsefqTo+onpz2huJ/XiNSnVMnYX4YKfDp+FAn4lgFeJgDbjMBVPFYE0IF079i2iOCUKXTmthEOHeSp3iQ08nY0znMkuph0T4u2tdHhdJ5mlEWbaMdtIdsdIJK6AqVUQVR9Ihe0Ct6M56Nd+PD+By3Zox0ZgtNwPj6BdwYm8c=</latexit>

S,E ✓ A⇤

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}

Counterexample: aaa 



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}

Counterexample: aaa 



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}

Counterexample: aaa 



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}

Counterexample: aaa 



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}



L* for DFAs, example

<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

<latexit sha1_base64="5QPXeVU7Y+NpZGk4kxJOoKp8HFw=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokKCpUoAAWMFCwNDkehDakN14zqtVccJtlNRRf0GvoMPYIVPYEMwMvEbuI+BthzpSsfn3GtfHz/mTGnH+bIyC4tLyyvZ1dza+sbmlr29U1FRIgktk4hHsuaDopwJWtZMc1qLJYXQ57Tqd6+GfrVHpWKRuNP9mHohtAULGAFtpKZ9BPcCN5ipEHSHAMc35hgE2Cj0IWE97BgrauGTpp13Cs4IeJ64E5JHE5Sa9k+jFZEkpEITDkrVXSfWXgpSM8LpINdIFI2BdKFN64YKCKny0tGXBvjAKC0cRNKU0Hik/p1IIVSqH/qmc7i4mvWG4n9ePdHBhZcyESeaCjJ+KEg41hEe5oNbTFKied8QIJKZXTHpgASiTYpTNwHnXvrYH+RMMu5sDvOkclxwzwru7Wm+eDnJKIv20D46RC46R0V0jUqojAh6Qi/oFb1Zz9a79WF9jlsz1mRmF03B+v4F912kqA==</latexit>

an 2 L () n ⌘ 0 mod 3

<latexit sha1_base64="Xee1EAyqgAyLfCVha0lj7P+T3oA=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclURE3QhVNy4r2Ac0oUymk3boZBJmJmIIWfoBbvUT3IlbP8Qv8DectlnY1gMXDufcO3Pv8WPOlLbtb2tpeWV1bb20Ud7c2t7Zreztt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj27HfvuRSsUi8aDTmHohHggWMIK1kdrXV26G3bxXqdo1ewK0SJyCVKFAo1f5cfsRSUIqNOFYqa5jx9rLsNSMcJqX3UTRGJMRHtCuoQKHVHnZZN0cHRulj4JImhIaTdS/ExkOlUpD33SGWA/VvDcW//O6iQ4uvYyJONFUkOlHQcKRjtD4dtRnkhLNU0MwkczsisgQS0y0SWjmJcy5lz2ledkk48znsEhapzXnvObcn1XrN0VGJTiEIzgBBy6gDnfQgCYQGMELvMKb9Wy9Wx/W57R1ySpmDmAG1tcv9EaYLA==</latexit>

A = {a}

Terminates!



DFAs vs WFAs



DFAs vs WFAs

Accepts weighted language
Multiplies along the path with final output 
Sums over paths

<latexit sha1_base64="TtbBibyLfYzEqWre1FrhvjZBqZw=">AAACD3icbVBLTsMwFHzhW8ovhSUbiwoJsagShIBlgQ3LIuhHakLluE5r1fnIdoAo6iE4AFs4AjvEliNwAq6B22ZBW0ayNJp5zx6PF3MmlWV9GwuLS8srq4W14vrG5ta2WdppyCgRhNZJxCPR8rCknIW0rpjitBULigOP06Y3uBr5zQcqJIvCO5XG1A1wL2Q+I1hpqWOWLu6PkKMi5ARY9T0P3XbMslWxxkDzxM5JGXLUOuaP041IEtBQEY6lbNtWrNwMC8UIp8Oik0gaYzLAPdrWNMQBlW42jj5EB1rpIj8S+oQKjdW/GxkOpEwDT0+OAspZbyT+57UT5Z+7GQvjRNGQTB7yE470V0c9oC4TlCieaoKJYDorIn0sMFG6rambMOdu9pQOi7oZe7aHedI4rtinFfvmpFy9zDsqwB7swyHYcAZVuIYa1IHAI7zAK7wZz8a78WF8TkYXjHxnF6ZgfP0CwFibtw==</latexit>

A⇤ ! S



DFAs vs WFAs



DFAs vs WFAs



DFAs vs WFAs



Learning WFAs

Table: 
Cells have values from semiring rather than 0,1

Membership Queries: 
Return weight associated with word 

Equivalence Queries: 
Submit hypothesis WFA
Counterexample = work on which weight differs 



<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

Learning WFAs



<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

Learning WFAs

each lower row a linear combination of upper rows 



<latexit sha1_base64="veT5xPE3MZoxOoVwW27geHwnX24=">AAACF3icbVDLSgMxFM34rPVVdSVugkVwIWVGRF0WRXBZ0T6gM5RMetuGZjJDkimWYfA7/AC3+gnuxK1Lv8DfMG1nYVsPXDicc+9N7vEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6378e+fUBSMVC8aCHEXgB6QrWYZRoI7UK+/cnN9jtglbYTdwBkRApxkPhpq1C0S7ZY+B54mSkiDJUWoUftx3SOAChKSdKNR070l5CpGaUQ5p3YwURoX3ShaahggSgvGR8QoqPjNLGnVCaEhqP1b8TCQmUGga+6QyI7qlZbyT+5zVj3bn0EiaiWIOgk4c6Mcc6xKM8cJtJoJoPDSFUMvNXTHtEEqpNalObCOde8jhM8yYZZzaHeVI7LTnnJefurFi+yjLKoQN0iI6Rgy5QGd2iCqoiip7QC3pFb9az9W59WJ+T1gUrm9lDU7C+fgFTLJ/k</latexit>

S,E  {"}
Repeat until no more counterexamples: 
1. Close table (changing S)
2. Equivalence query 
3. Add suffixes of counterexample to E

Learning WFAs

each lower row a linear combination of upper rows 

Requirement for semiring: solving linear systems of equations should be computable.



Learning WFAs, example
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Learning WFAs, example



Learning WFAs, example



Does it terminate? 
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L* for DFAs: termination consequence of regular languages 
having finitely many Myhill-Nerode classes = minimal DFA
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having finitely many Myhill-Nerode classes = minimal DFA

L* for WFAs: depends on the semiring 
Field: terminates as a consequence of basis existence, our 
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Does it terminate? 

L* for DFAs: termination consequence of regular languages 
having finitely many Myhill-Nerode classes = minimal DFA

L* for WFAs: depends on the semiring 
Field: terminates as a consequence of basis existence, our 
algorithm instantiates one of Bergadano and Varricchio (1996) 
Boolean semiring: WFAs = NFAs our algorithm instantiates 
one of Bollig et al (2009)

NFAs have no minimal representative! 



Does it terminate for any semiring? 

No.

Learning WFAs



The bad semiring

Learning over 
<latexit sha1_base64="UkRdpH5BhmqZeAOX0xF8UffftFw=">AAACBnicbVBLTsMwFHzhW8KvwJKNRYXEqkoQApYVbFi2Ev2INqoc12mtOk5kO4go6p4DsIUjsENsuQYn4Bo4bRa0ZSRLo5n37PH4MWdKO863tbK6tr6xWdqyt3d29/bLB4ctFSWS0CaJeCQ7PlaUM0GbmmlOO7GkOPQ5bfvj29xvP1KpWCTudRpTL8RDwQJGsDbSg90LsR75Pmr0yxWn6kyBlolbkAoUqPfLP71BRJKQCk04VqrrOrH2Miw1I5xO7F6iaIzJGA9p11CBQ6q8bJp4gk6NMkBBJM0RGk3VvxsZDpVKQ99M5gHVopeL/3ndRAfXXsZEnGgqyOyhIOFIRyj/PhowSYnmqSGYSGayIjLCEhNtSpq7CXPuZU/pxDbNuIs9LJPWedW9rLqNi0rtpuioBMdwAmfgwhXU4A7q0AQCAl7gFd6sZ+vd+rA+Z6MrVrFzBHOwvn4BjfKZAA==</latexit>

Q



The bad semiring

Learning over 
<latexit sha1_base64="UkRdpH5BhmqZeAOX0xF8UffftFw=">AAACBnicbVBLTsMwFHzhW8KvwJKNRYXEqkoQApYVbFi2Ev2INqoc12mtOk5kO4go6p4DsIUjsENsuQYn4Bo4bRa0ZSRLo5n37PH4MWdKO863tbK6tr6xWdqyt3d29/bLB4ctFSWS0CaJeCQ7PlaUM0GbmmlOO7GkOPQ5bfvj29xvP1KpWCTudRpTL8RDwQJGsDbSg90LsR75Pmr0yxWn6kyBlolbkAoUqPfLP71BRJKQCk04VqrrOrH2Miw1I5xO7F6iaIzJGA9p11CBQ6q8bJp4gk6NMkBBJM0RGk3VvxsZDpVKQ99M5gHVopeL/3ndRAfXXsZEnGgqyOyhIOFIRyj/PhowSYnmqSGYSGayIjLCEhNtSpq7CXPuZU/pxDbNuIs9LJPWedW9rLqNi0rtpuioBMdwAmfgwhXU4A7q0AQCAl7gFd6sZ+vd+rA+Z6MrVrFzBHOwvn4BjfKZAA==</latexit>

Q



The bad semiring

Learning over 
<latexit sha1_base64="UkRdpH5BhmqZeAOX0xF8UffftFw=">AAACBnicbVBLTsMwFHzhW8KvwJKNRYXEqkoQApYVbFi2Ev2INqoc12mtOk5kO4go6p4DsIUjsENsuQYn4Bo4bRa0ZSRLo5n37PH4MWdKO863tbK6tr6xWdqyt3d29/bLB4ctFSWS0CaJeCQ7PlaUM0GbmmlOO7GkOPQ5bfvj29xvP1KpWCTudRpTL8RDwQJGsDbSg90LsR75Pmr0yxWn6kyBlolbkAoUqPfLP71BRJKQCk04VqrrOrH2Miw1I5xO7F6iaIzJGA9p11CBQ6q8bJp4gk6NMkBBJM0RGk3VvxsZDpVKQ99M5gHVopeL/3ndRAfXXsZEnGgqyOyhIOFIRyj/PhowSYnmqSGYSGayIjLCEhNtSpq7CXPuZU/pxDbNuIs9LJPWedW9rLqNi0rtpuioBMdwAmfgwhXU4A7q0AQCAl7gFd6sZ+vd+rA+Z6MrVrFzBHOwvn4BjfKZAA==</latexit>

Q



The bad semiring



The bad semiring



The bad semiring



The bad semiring

…



Termination issue

The algorithm approximates the Hankel matrix of the language. Linear combinations of rows in: 



Termination issue

The algorithm approximates the Hankel matrix of the language. Linear combinations of rows in: 

This is not finitely generated (over commutative monoids)



Termination Conditions

Algorithm terminates assuming:



Termination Conditions

Progress measure with bound 
number, increases when rows separate via extra column

Ascending chain condition on Hankel matrix 
Subsemimodule chains converge: if                                            are 
subsemimodules, then

<latexit sha1_base64="40RVAvLCyE0F9n9tF4RsxLQ5xZ8=">AAACLnicbVDLSgMxFM34rPVVdekmWARXZUZEXRbddFmpfUA7DJn0tg3NPEzuiGXob/gdfoBb/QTBhbjUzzB9LPrwQODknHtzb44fS6HRtj+tldW19Y3NzFZ2e2d3bz93cFjTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v3878uuPoLSIwnscxOAGrBuKjuAMjeTl7GzFc2hLJ74GhAda8c7pzLXF2xHqGaHk5fJ2wR6DLhNnSvJkirKX+2m1I54EECKXTOumY8fopkyh4BKG2VaiIWa8z7rQNDRkAWg3Hf9sSE+N0qadSJkTIh2rsx0pC7QeBL6pDBj29KI3Ev/zmgl2rt1UhHGCEPLJoE4iKUZ0FBNtCwUc5cAQxpUwu1LeY4pxNGHOvcSkdNOnwTBrknEWc1gmtfOCc1lw7i7yxZtpRhlyTE7IGXHIFSmSEimTKuHkmbySN/JuvVgf1pf1PSldsaY9R2QO1u8fmG2oMg==</latexit>

S1 ✓ S2 ✓ · · · ✓ H
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Termination Argument

Assume: 
Progress measure with bound
Ascending chain condition on Hankel Matrix

Then: 
Modules generated by (Sn, A*) form chain below Hankel 
matrix 

    Converges, from that point on closedness guaranteed 

Bounded progress measure ⇒ finitely many counterexamples 
Counter example always leads to closedness defect or rows distinguished by new column



Summary

1. Progress measure with bound 
2. Ascending chain condition on Hankel matrix 
3. Procedure to determine/fix closedness: solvability of finite 
system of linear equations 

Main ingredients for effective terminating algorithm: 
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Learning over a field
1. Progress measure with bound

–  Dimension of vector space spanned by table 
–  ≤ minimal WFA size 

2. Ascending chain condition on Hankel matrix 
–  Vector space dimension increases with strict inclusion 
–  Minimal WFA size = Hankel matrix dimension 

3. Procedure for closedness: solvability of finite system of linear 
equations 

– Gaussian elimination 
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Learning over a finite semiring
1. Progress measure with bound

–  Set size of semimodule spanned by table 
–  ≤  determinization of correct automaton 

2. Ascending chain condition on Hankel matrix 
–  Hankel matrix size ≤ determinization of correct automaton  

3. Procedure for closedness: solvability of finite system of linear 
equations 

– Try all linear combinations of rows 

Fields and finite semirings OK, can we do more?



Principal ideal domains

Principal ideal domain = integral domain with all ideals 
principal 

Integral domain: commutative ring,   ab=0 ⇒ a=0∨b=0 

All ideals principal: generated by one element

Examples: Z, Z[i], K[x] for K a field 



Modules over PID

A module is free if and only if it is torsion free: pm=0 ⇒ p=0∨m=0 

A submodule of a free and finitely generated module is 
• Free and finitely generated
• With smaller (or equal) rank

If a finitely generated free module is a quotient of another, its rank 
is smaller or equal 
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Learning over PIDs
1. Progress measure with bound

–  Rank of the module spanned by the table  (which is free and f.g!)
–  ≤  rank of Hankel matrix 

2. Ascending chain condition on Hankel matrix 
–  yes 

3. Procedure for closedness: solvability of finite system of linear 
equations 

–  Solve equations via Smith normal form (exists for PIDs), some further 
assumptions on computability (hold for integers) 

Learning algorithm terminates for the integers! 
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2. Solvability of finite systems of linear equations essential.

Active learning algorithm for WFAs: 



Key takeaway 

1. Termination depends on properties of the semiring: works for 
fields, finite semirings, integers, not naturals.
2. Solvability of finite systems of linear equations essential.

Active learning algorithm for WFAs: 

How about probabilistic automata? 
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A⇤ ! [0, 1]
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Probabilistic automata

Problem: rows of the table are 
not finitely generated 



Probabilistic automata, partial solutions
Ongoing work with Leon Witzman

- If we know the number of states of target automaton, there exists an active 
learning algorithm (that uses at most exponential space);

- Even if the real automaton has rational coefficients the systems we solve 
might lack rational solutions (real algebraic numbers);

- Use a quadratic program to approximate solution;
- Counterexample handling (to avoid assuming number of states) unclear;
- Learning happens in convex sets, can we use this algebraic structure? 

???



Questions?


