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OVERVIEW OF THE TALK 0 2

4.
1. Lenses L < AWFS i’ Double cats.
AN G. /

1. ExamPles of lenses (with laws) 4 Basics of double ca{:egories

72 .Basics of AWFS 5. T he R-algebras of an AWEFS are

Vertical M.orpln;sms of a double cat.
3.Lenses are the R-algebras, or

right class, of an AWFS 6.Lenses are vert. morphisms in the
right -connected completion of a double cat.



SPLIT EPIMORPHISMS

- A Spli{ epimorphism is a morphism with a chosen section.

7N\
A——— B

* The free split epimorphism is constructed using coproducts.

A A+B

2 I R
B
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CLASSICAL LENSES 0+

- A classical lens is a GET morphism

together with a PuT morphism
AxB
VRN
AL g
such that the -following commute.

ASDAR  AxBR 25 ALR

) WA |
A

AxB — R

+ The free classical lens is siven by

the product projection.
A——B
«BxB
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SPLIT OPFIBRATIONS 0§

* A split opfibration is a functor - The free split opfibration on a functor

with a spliHing, i.e. a choice of Lifts f:A—B is gven bg the comma

LP(Q»‘*) 5 Cl‘ Ca'l:egorl_.l pro:]ec't.lon.

A

flos s ta —5ta

B fa—2—b /15| =] | uev
such that the following axioms hold . b - b’

1. Y(a,1) =1, “Bl

2. Y¥(a,veu) = ®(a’,v)eP(a,u)
3. Y(a.u) is opeartesian. B | b——Fb




DELTA LENSES 06

° A J.eH:a. l.ens is Qa 'Fu.n.c'l'or e%uipped y The 'Free Ae“:a. lens on o 'Func;'l:or

with a |iHin3 OPE.YO.{'..IOVL f:A—B is 3]Ve.n. |>3... 777
"P(Q:u) )
Y Q.

A a
f l ; : :
B fa—b
such that the following axioms hold .
1. Y(a,1;)) =1,

2. ¥(a,veu) = ?(a’,v)eP(a,u)




DELTA LENSES (2"° ATTEMPT) 07

- A delta lens is a compatible functor

and cofunctor,ie. a cl,]a,sra.m,
/ ’

g

AL g

such that ¥ s Bijec‘live-on-o\ajecfs

and ¥ is a discrete opfibration.

+ The free delta lens on o functor
f:A—B is constructed using the

comprehensive factorisation and

pushouts along b.o.o. functors
initial
A,

b.o.o.l - lb_o_o_

discrete
op{:‘ubra:\:'\on.




LENSES SUMMARY cid

- A "lens” has a forwards component
and a backwards component.
+ Several examples including:
- split epimorphisms;
- classical lenses;
~ split opfibrations;
- delta lenses.
*Lenses are morphisms equipped

with o.lge,bro.ic, structure.

-Each kind of lens is an a.lsel:ra,

of & monad R on 31(6)2 C? over
the codomain functor cod:81(6)—)e.

free

‘Each morpkism factors throush a,lens.

M ¢

A X
41 1RF
B B

* How do we compose lenses ?



A BRIEF INTRODUCTION TO AWFS 09

- An algebraic weak factorisation

system on C consists of:

—A functorial factorisation (L,ER):
f

A—— Ef——B

hl lm,n J)z

C X} )ES RQ "D

D A~

9
— Comonad (L,e,A) & monad (R, 7, p.)
— Distributive law §: LR =2RL.

- Given an L-coo.lgebra. (f,p) and an

R-algebra (3,9) and a square

A “ /»C
N 74
$ P Ef eo.,n)Eg / q
| A N
B : D

'H'lere 1S a ca.\non'\ca.\ c“o.aonal filler.

g, (hR)= g EhRyep B—C



COMPOSING R-ALGEBRAS VIA LIFTING 10

- We may compose R-algebras:

A A

N l (‘F ,P)
\P(1,,'9(£,Rh))

(Lh,A,) B

J AJ/ (8.4

Fh———C

* The composite R-algebra on h=gf is:

P(1,,¥(f,Rh)):Eh— A

- EXample: composifion of classical

lenses as R-algebms.

A /\r\,,
fL/%AxB
B
\“’
et
AxC >C



LENSES & LIFTING 11

- Classical Lenses admit Lifts

againsf sPl\’( monomorphisms:

A " > C

. SPW: opfu‘bra{ions admit Lifts
against L AR| functors. For example:

{0} —— A

P(a,u)




Lenses

LENSES & AWFS

6 Q g TR

backwards component =

algebra structure . P/

Ef

. BIG IDEA: Lenses are R-algebras for an AWFS.

N

12

O U 0 0 | AWFS

'Forwa.rd.s 60m.ponen.".' —

underlying morphism

A {&)B/'/

-Ue hO.VQ, morpkisms of lenses, secl’u.enﬁa.l. CQMPosi{'ion o‘F lenses, anJ,

chosen Llifts aaa\ns{: L-coalgebras.




DOUBLE CATEGORIES 13

A J.ou.l:le ca.'l:egorg ID consists of : -A double ca’cegorg IS a ca{:egorg
. objecfs A,B,C,.. object in CAT:
- horizontal morph;sms o —eo € 6n2
id— T) ¢
* vertical morphisms o ——e D° N ———y Di "Dlxm"tDi
. cells h ° For a ca“:egorg C, 'Hl.ere 1S a cloul:le
A ? C CQ.'I:egorg $q'(C) wiHn, ceLl.s*-
f i e fe h
A—C
B——D
{ l c la
which compose horizon‘l:o.ulj % VQrficauy. B - S D




TWO IMPORTANT PROPERTIES 14

y ID 'S righ{-Connec{:ecl I'F COJ._| .ld .

A—"—C—2>D
R
B ——D——D

D —= »&;(:D)
A——C A——C
S S I A
B——D B——D

c A r]g\m’t-connec’cecl, double cat.

ID is monadic if
®1 . Sq,('Do)

Is strnctly monadic.




AWFS & DOUBLE CATEGORIES

horizontal arrows =
O.U. morphisms

h

AWFS [ V0o Q0 v

A
(f, P)i

DOU[)'.C Ca.'kS.

18

> C

B

R

vertical arrows =

R-algebras

:I;(s.%)
>D

-BIG IDEA: Each AWFS 3ie.‘cls a double categery of algebras R-/Ala.

*Each monadic righ{-connec{ec\. double cateqory yields an AUWFS.




ANOTHER APPROACH TO LENSES? 16

*For each kind of lens, there s
a d.ou.lale Ca%egorg w;H\ ceU.SZ

N

tj L@ morphism

( @ :
= (3 s there a A c

lens lens
AWFS [‘\) direct link? i :I;

[\\} B morphisr: D

(@ /\/Qj

* What if the backwards component

Douvble cats. was an ]mlependen.{: morpkism rather

than algebro.ic structure’




THE RIGHT-CONNECTED COMPLETION
The right-connected completion IM'(ID) of a double category D has:

- the same objects and hovizontal morphisms as ID;

- vertical morphisms (f,a,§'):A+—R given by cells in D of the form:

A——B
"{ens" - Z—> {'-i X ilg
B——8
- cells 3'|ven by cells © in D satisfying the condition:
. . C J > D A 7 B = > D

f{r O af B {1 = ff e« {ta &

b )D 1D)D B 1g )B R, ’D

17




THE RIGHT-CONNECTED COMPLETION

y Composi’cion O‘F VQYJCiCa.l morphisms \n |P(|D) IS cle'FineA. u,sfn.a
the composi{ior\. of cells 1n ID:

A A——B ——C
(6. ) RN R U 8

B~ B——>B——C
(3.0,9) 1 R T E S

C C —— C——C

18




EXAMPLES 19

- Let $q(C)v be the vertical opposite
of the double cateqory of squares.

A——C
il e T
B ——D
Then |F‘($q,((3)") s SpEpi(C).
.F

A—E—B
e
B B

¢ Let G:O'F be Hte. A.ou.l:le. ca{:esorg O'F

ca{:esov ;es, 'Fu.n.c.{:ors, Co‘Fu,nC'l:ors )

and compatible squares.

Vertical morphisms in M(Cof) are

delta lenses.

-F/Functﬁr
cofunctor A »B
L e

B —— B



COMPARING COMPOSITION 20

+ Split epimorphisms as R-algebras
'For an AWFS

A Al L
\/ 14-‘/ AR
o [1/\ tp,‘,] [f.1¢]

- Split epimorpkisms as vertical

morphisms in |r'($qv(c)v)3

A——B ——C
L
B ie )B 9 ’C
VW] T
C—/—7C—]—C



COMONADICITY 2 1

* There s a double functor

r) —=—0D
A-=C A—=-C

(f.«.f‘)i O :I:(s.f%a')t—Wi O j:s

B——D B—D
with u.mle.rlld'mﬂ functor:

(D), —=—— D,

When is it comonadic?

* Vl IS comonadic & each fibre

Coo{-'£33 admits Proclu.c":s with the
vertical identity 1,:B——B.

* The functor Vi:SpEpi(C)— 91((:)"

IS comonculic i'F C ha.s Procluc_'ts.

A AxB
-FT NN G»lQT J/'“'s
B B



WHEN DO THESE APPROACHES AGREE ? 2 2

INFORMALLY

s
N

y B a.lgebro.lc structure

morphisms
equ.ippecl with

+ horizontal
A ' B morphisms
‘l’i X iig equ.fpped with
B X B vertical morphisms
ie (coalgebra;caug)

FORMALLY

P(|D)1 monadic ? . Sq’(Do)

* What conditions to ask of ID?
- SUFFICIENT (for left adjeint):

- d,om::Dt _Y.Do h.a.s a l.o.rf.

— cod.: Dy — Do 15 an opfibra.'l:ion.

- Examples include split epimorphisms

and delta lenses.Are there others?



FUTURE DIRECTIONS 23

*Are all lenses satisfying "laws’ - How can we expand this picture
the right class of an AWFS? to include other double categories

of "lawless” lenses and optics ?

* What are further ]n.’cere.sl:;ng

- £
examples of rip) ? A < AxB
{
. Interaction with companions in I A » B
|P |D * For which € does a monadic right-
'/;h,b ‘qr\l connected ID embed Fuug fai{hfullg

$q (D.) y D into IM(€C) 7 eq. $p0pf—sIM(Cof).

(=),



SUMMARY

INDIRECT APPROACH

e
AT B

- Lenses are morphisms e_clu.ippecl

with an R-algebra structure from

an AWFS.

- PrOS : Nice proper{ies, co.p{u.res liﬂing :

OF THE TALK 2 4

DIRECT APPROACH
.F
A——8
"Pi X }13
B——8

-Lenses are horizontal morphisms

equipped with a vertical morphism

via a cell in a double co:|:e50r3.

- Pros : EO.SB compos'auon, very genera,‘..
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