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Growth of the Internet from 1995-2022
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Aspects of this challenge:

1. Time-Varying Networks
2. Long One-Way Light Travel
3. Different network topologies

The Challenge of
Space Networking:

"glued together”
Develop a scalable,
autonomous routing protocol
for solar system-wide internet
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O Whatiis a time-varying graph?

This is not the final answer!

‘12
i ,\/ODg J 6066 ¢ deﬁ urPﬁTg
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t=0 '(7. 2 t3 ":q
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From https://blog.twitter.com/engineering/en_us/topics/insights/2021/temporal-graph-networks



o Graph Sequences

No obvious temporal duration
“Continuity” undefined

Graphs studied “slice by slice”,
e.g. diameter statistics

Diameter=9

Diameter:
the longest
shortest

path

Number of Occurrences

1600 A

1400 A

1200 A

1000 A

800 -

600 -

400 -

200 A

80 Starlink Satellites over One Day

6 8 10 12 14

Diameter of Graph Slice

‘ Diameter =15 /////



.Earth CI Observer View .Moon CI Observer View

<

Analysis Report View 0661

N\

Earth Network (Gro
2026/07/01 ©

Double-click this view and select [Generate] f¢

Whatis a TVG really?

JiW W |w

The answer is here!
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28800 43200 57600 72000 86400
36000 50400 64800 79200

Time from Now in Seconds




O Definition of a TVG

A time-varying graph (TVG)
is a matrix of subsets of time

M(i,j) € P(R)
1

The set of all

Or... subsets of time
|
M:Go? > P(R)

Cellular Cosheaf & vertex alive whenever edge is alive /////



WHY
MATRICES?

ARITHMETIC FOR TVGS




o Static Graphs are Boolean Matrices

What can you do with matrices? Mu[tip[y them! Semiring: a set S with sum @ and multiplication & operation
To
Boolean Semiring 1 2 3 a4
Elements Operations o L
- _E2|L L T T © )
True=T=“1" AND=A=Q ASZ50l 1 1T
False=1=“0" OR=Vv=@
¢ l_ Lod l. Directed Graph
Adjacency Matrix
Example row times column multiplication
Bool (LALYV(TAT)V(TAT)V(LALS=T
Name {@ =@, 12%24, 13%34, @ * Q}={124, 134} This edge witnesses
@\ aroutefrom1lto4
, s 12 3 A4 of length two!
(L T T 131L T T /L I I N i
A2= (L L T T||L L T T 2L L LT 1
. 1 L 7T 1l L 1 \T 1 N N R
L+ L 11tL L L L L L e I

2-Walk Graph /////
2-Walk Matrix



o Graphs and Semi-rings

What can you do with matrices? Multiply them!

Semi-ring
is a set where you can add @ and multiply ®

Boolean Semi-ring To
. 1 2 3 4
Elements Operations Tl T T L
=T=%1" AND=A=
True=T “1” X A:Sz 1 L T 7T © G
False=1=0 OR=Vv =@ =3l L LT
. . L I Y T .
Example row times column multiplication Directed Graph

Adjacency Matrix

Bool (LALV(TAT)V(TAT)V(LAL)=T
1 2 3 4
(L 7 T 13[L 17 T /L il LT T This edge witnesses
A2 =|+ 7 T‘ Il LTy 2Lt Lo L T 2.walk Matrix @\ a route from 1 to 4
L L TyL L LT 3L L L L of length two!
N e o I O e 411 L L L - \®

Concatenation of paths = Q

Name (aka Path) Semi-ring

Disjoint union of paths = @ 2-Walk Graph
Name {@ =@, 12%24, 1334, @ % @}={124,134} /////




O Boolean Vector Multiplication

Periodic Orbit

N\
o o o &

LT L 1 LT L L LT L 1
T 1 T T T 1 T T T L T T
T L 1 1 LT 1 1 T L T T
[ . e v o o = | R P Bl . e 711
Vo Vi Vo
LT L 1 LT L L L T L 1
Vol A=v, T viTA=v,T VT A=v,T

But! If we aggregate: v,  (I+A+A2+A3+ .. )=[1T T 7 71| |Boolean Footprint

Every node is reached! /////




O Accumulating Walks

.

Original Graph

1 2 3 4

IrL 7 1T L

_ 2l LT T
A= s L 1L 17T
Al L L 1L
Adjacency Matrix
1-Walk Matrix

2-Walk Graph

1 2 3 4

ifjL L T T

21l L L T

2 —

A® = 3flL L L L
4L L L L
Adjacency Matrix

of 2-walk graph

2-Walk Matrix

(For summarizing reach of a message)

2-Cumulant Graph

1 2 3 4
ifr T T T
201 T T T

2\ —. —
(I+A+A%)=Co=5|, | 1 -
2-Cumulant Matrix 4tL L L T

[T L L 1] ey [T T T T]

VOT C2 VOT + V1T+ V7////



. Examples:
O The Kleene Star and its Cumulants - st s
+=0R and x= AND
Assume A is an nxn matrix with entries in an idempotent semi-ring R= (S, +, X, 0, 1) . (S);’(l]l;)nlfjiflet:in'nTeS
+=U and X=nN
0=@and1 =R

The KLAY-nee Star This means a+a=a
AT =1+A+A2+ A3+ = (I-A)
‘ Y / Sketch of the Proof:
The 3-Cumulant (I4A)2= | + A + Al + A2
=]+ A+ A2

The k-Cumulant C, =1+ A+ A2+ .. + Ak=(|+A)k

Under Nice Assumptions First:

; we definea<bifa+b=b
A = Ck = Mk for k>n-1 Second:

assume w(y) < 1forany

where M=[+A o - ATV /////
elementary cycley Stephen Kleene (1909-1994)




OThe Kleene Star for Algebraic Network Theory

Ais an n x n matrix with entriesin (S, +, X, 0, 1) Stephen Kleene (1909-1994)
. el Bool (existence)
Definition: The KLAY-nee Star S={T, 1}
* + =ORand x= AND
A =l+A+A2+AS+ .. =(I-A)? 0=landl=T
\ ) Name (routing)
' s = {[ij] edges}

The 3-Cumulant + = disjoint union

X = concatenation

Min-Plus (shortest path)
Co=I1+A+AZ+ .. +AK=(I+A)X S = [0,00]
(under technical assumptions) + =minand X= plus

0=oand1=0
Theorem: (for semi-definite networking problems)

- Lifetime ’ —
A = Ck = Mk fOr k >n-1 S=P(R) Our contribution to
+=Uand x=nN NASA & HDTN!
where M=I+A 0=0and1-R




O Strongly Connected Graphs via Kleene Star

Strongly Connected: Can get from any vertex to any other vertex

Complete G 1 T 1L 1
(Directed) L 7T T 7T T T
I R A=
Graph A= L T 1 1
T T 1 T (2) R
3 4 A" = Cl ° A" = C2
i.e. converges after 1 step i.e. converges after 2 steps
A directed graph T T T T I
: c|ToT T T
IS - | - oo Azt L T L
strongly connected T T T T L 1 LT
T L 1 1

A = Cy= Mk for k > diam(G) A"=C, i.e. converges after 3 steps /////



o Time-Varying Graphs are Matrices of Lifetimes

) R [0,6] [610] ¢
371 e R [1,4] [3,7]
08]] |90 o R  [0,8]

R 1) 1) 1) R

1,71 2-Cumulant TVG

“Sum
over
paths”

0,8] 3-Cumulant TVG /////

Lifetime Growth: ¥ < [3,8] € [1,8] [1,4] U [6,10]



o TVG Vector Multiplication e Q/:/O

[0,6] [6,10] @

R [1,4] [3,7]
o n log|=IO © o o
?

0) R O/O
graph slice at t=1 l/@

[(0} & @ @]

R
0)
0)
0)

R [0,6] [6,10] 1) R [0,6] [6,10] 1)
0 R [14] [37] 0 R [14] [37]
{1} @ 0 2lfg 4 R [08] =) ({1} {1} 0 0] o @ R [0.8] mmp ({1} {1} {1} @]
6 ¢ 6 R 6 9 6 R
graph slice at t=6
R [0,6] [6,10] @ R [0,6] [6,10] @
GECECEE| LA L A (ORI O G| L A L d QIO OO
o 0o 0 R o o 6 R /////




% TVG Matrix Operations

KLEENE-STAR MODELS VECTOR MULTIPLICATION
TIME AVAILABLE MODELS TEMPORAL
INSTANTANEOUS WALKS FOOTPRINT OF BROADCAST



O T h €0IeIM . (Robby Green, as part of TIMAEUS)

80 Starlink Satellites over One Day

1600

The Kleene Star A" = C, for k =temporal diameter, ™
l.e., the largest diameter per component over time. |

1000 A
. . 800 -
Proof follows from an isomorphism:
600 -
400 A

Mat, , ,(P(R)) = Fun(R, Mat, , ,(Bool))

0

6 8 10 12 14

Diameter of Graph Slice

U pshot: Temporal Diameter << number of nodes

Testing proximity to Complete TVG

requires lower degree cumulants! AlK,) =

A=A A
& =B A
A =B A
& = = A

/4



STARL' N K L(uX)(i,j) = sum of intervals in entry (i, j)

Lifetime Growth so000 T ———
80000 2:23
Using Portion Library in Python o0 ] — n—7o
we can automatically extract TVG e
matrices from SOAP simulations 60000 1
3 Phase
% 50000 1 transition!
Mk models lifetimes of length <k é 40000 4
walks from node to node }
30000 -
Average Lifetime out of 86,400 200007
seconds models connectivity over 10000 1
1 day :
0 2 4 6 8

If we randomly sample STARLINK, how close is a sample to a “static” graph; when using longer walks? /////



Connectivity Properties for STARLINK

e 20 or 30 nodes insufficient for % %

strong connectivity

* Phase transition around n=40 o
for strong connectivity SN

* Convergence radius tapers from % *% = 365 %
k=9 (for n=50) to k=7 (for n=70) Reat = 4298 mi

to k=5 (for n=100)

e With ~340 mile altitude, k=3 is
the conjectured limiting
behavior

* @



O Modeling Propagation Delay  wsngonotrersemiing

Ping with Propagation Delay

=
2.
3
c
=
S
=~

7000 +

6000

~A~ANAA~NAAAAA~A3
L | | | | 1B 1
0N U A WN

t=4.5

t=3 5000
t=1.5

4000 1

3000 4

X y
¢ ([0,3],1.5)

@ </ @ 1000

Interpret this as element in End(P (R))
* intersect with [0,3] Sy oy N %
« shift by 1.5 units to the right K

* @ isunion of images ) ccce .
+  ® is composition of operators Kleene Star doesn’t converge = Difficulty of Deep Space Routing!

2000 4




J. Inst. Maths Applics (1971) 7, 273-294

An Algebra for Network Routing Problems

B. A. CARRE
Department of Electrical Engineering, University of Southampton, England

[Received 15 May 1970 and in revised form 25 June 1970]

Problems involving the determination of routes on networks arise in many different
contexts. For example network flow problems in operations research, such as trans-
portation and assignment problems, involve the determination of a succession of shortest
or least-cost paths between commodity sources and sinks. Again, critical path analysis
and certain scheduling problems involve the determination of longest paths on activity
networks. Pathfinding problems of different kinds also arise in the design of logic
networks, and in routing messages through congested communication networks. This
paper presents an algebraic structure for the formulation and solution of such problems.

After defining the algebraic structure and giving concrete examples applicable to
different kinds of routing problems, we use it in a general analysis of a class of directed
networks, in which each arc has an associated measure (representing for instance a
transportation cost, an activity duration, the state (open or closed) of a switch, or the
probability of a communication link being available). It is then shown that all the routing
problems mentioned above can be expressed in the same algebraic form, and that they can
all be solved by variants of classical methods of linear algebra, differing from these only in
the significance of the additive and multiplicative operations.

O 50 Years of Algebraic Network Theory

I S MORGAN & CLAYPOOL PUBLISHERS

Path Problems in
Networks

John Baras

George Theodorakopoulos

SYNTHESIS LECTURES ON

COMMUNICATION NETWORKS

ook Academic Collection (EBSCOhost) - printed on 5/5/2022 2:05 PM via SUNY ALBANY
ohn 5., Theodorakopoulos, George.; Path Problems in Networks
n.ehost

35C0 Publishi

:::::::::::
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Application | S @ ®

Path enumeration Subsets of U!_, V" Set union Latin multiplication
Markov chain stationary distri- | [0, c0) U {oo} + X

bution

Expected number of visits of | [0, 00) U {oo} + X

random walk from vertex s to
t

Expected cost of paths from ver-
tex s to ¢

{(p.c) € ([0, 00) x R)}

(p1+ p2.c1 +c2)

(p1p2, p1c2 + pacy)

Minimum weight spanning tree | R min max
Longest path RU {—o0} max +
Shortest path R U {oo} min +
Widest path [0, o0) U {00} max min
Most reliable path [0, 1] max X

Widest-shortest path

{(d, b) € [0, 00) x [0, 00)}

lexicographic min

(d1 + dp, min(by, by))

k-shortest paths

a,b e {RU {oo}}¥

min-k{ay, ap, ..

S ag, by, by, ..., by}

min-k{a; +bjli, j=1,...,k)

BGP routing {c, p,r, D, O} see Table 4.1 see Table 4.1
Shortest path with time- | wy, wy : RU{oo} - RU {oo} min{wq (¢), wy (1)} wy (wy (1))
inhomogeneous edges andt - 00 = w(t) oo

Reachability under determinis- | {0, 1} max min

tic edge failures

Bridge and cut vertices 28 U} Set intersection Set union

Reachability under probabilistic

edge failures

formal polynomials we in the vari-
ables xo;,e € E,i € N

wi; +wy —wi @ wy

[[{all x¢ in wy or wy}

Shortest paths with edge gains
or losses

{(c, ) € R x (0, 00)}

e~ @
(c1,pr) if 7 < 32

(cr,p) if b= Zand g > 12
(ca, ua) otherwise

(c1 + mica, i) //

74

From Baras and Theodorakopoulos “Path Problems in Networks” 2010



Application

| S

@

Trust: Path semiring

{(z,0) €[0,1] x [0, 1]}

(1112, c102)

®
(t1,cp) ifc) > e
(tp, ¢2) ifc) < e
(max{ty, 1}, c1) ifcy =cp

Trust: Distance semiring

{(a, b) € ([0, 0] x [0, 1]}

(ay +ap, by + by)

(arap, a1by + azby)

Trust: PGP computation model | aj,as € N k e N + valid(ap)ay

Trust: EigenTrust [0, 1] + X

Trust: Semantic web [0, 1] max X

Social: balance semiring {0, —-1,1, a} see Table 4.2 see Table 4.2

Social: cluster semiring {0, —1,1,a,b} see Table 4.3 see Table 4.3
(d1,ny) ifd) <d»

Social:  Geodetic  semiring | {(d, n) € ([0, o0) U {oc0}) x (NU {oo})} (da, ny) ifdy > d» (dy +dp,niny)

(length and number of shortest di,n] +ny) ifd; =do

paths)

Social: Geosetic semiring (set of
vertices of shortest paths)

finite sets with quadruples of the form
(i, P,j,d),i,jeV,PCV,deN

see Sec. 4.11.4

see Sec. 4.11.4

Traffic assignment ap,ap € [0, 00) —ﬁ log (.e_“a1 + e_“@) ay +ap
Edge sensitivity: Traffic attrac- | [0, co) U {oo} min +
tion attack

Edge sensitivity: Traffic repul- | [0, co) U {oo} min +

sion attack

From Baras and Theodorakopoulos “Path Problems in Networks” 2010
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OUR TVG
DEFINITION
IS NEW!

(SURPRISINGLY)







Traditional methods fail to

O The Difficulty of Contmwty ol metods Tal o

Space networking has both continuous,
e.g., signal strength, and discrete aspects, °
e.g., line of sight. 2, ,
2
/ {1

But subsets of R (TVG Coordlnates)

\ have metrics where these are— - close!

o

- A3(t) « P
) : : N/

constantly connected edge




O Hausdorff Distance

Two subsets X and Y are e-closeif ¥ C Y andY C

¥ C e C e b
- E < - -

dip.u (X, Y)=inf{e |[X C Y and Y € X¢)

A
Check our = 3 E

example! < > Felix Hausdorff(l868—l942)/////




O Disconnect (Bottleneck) Distance on TVGs

node x

TVG with two intervals of disconnect

o

e — [ G——
nodey t=1 t=2 t=4 t=6
nodex TVG with oneinterval of disconnect

nodey

node x

t=2

t=6

TVG with no disconnections

nodey

4

/

/

/

L/

dg=minmax||p — o(p)llc
o P

Effectively Computable
via Hungarian Algorithm /////



R R R R

O STARLINK Distance Curves ;s |00 0o

u (biggerversionof) this! |[R R R R

R R R R

Bottleneck Distance from k-Walk Matrix to Complete Matrix 2-Wasserstein Distance from k-Walk Matrix to Complete Matrix
le6

— n=20 3.5 4 — n=20

- — =30

40000 A — — n=40

— 3.0 == n=30

— — n=70

— = N =100
30000 1 221
) o 2.0 1
Q 20000 A Q Ls
1.0 1

10000 1

0.5 A

0+ 0.0 - =

0 2 4 6 8 0 2 6

k

dg= moi_n mSX |Ip - 0'(p)”oo dy-wasserstein = MiN i/zp”p - J(p)llz /////

o
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I Computational Complexity Concerns

+ Best-case for Disconnect Distance: O(n’ x n?)
« Worst-case for Disconnect Distance: O(n! x n? x n3)

Dimensionality
Reduction via

. / )
Topological //% S N

Featurization
Pe rsiste nce . dZZ(BCl,BC2)SdDC(TVGl,TVGz)

Topological Reduction reduces to: O(n?)

— — L/ |

Ho




O Ea rth + M ars Performance of knn

vs. Earth + Moon 101
Network Comparison o Avg = 90% accuracy
Took 24 samples from 2 classes: for k=5 neighbors
« 15 Starlink + 5 Moon Sats
15 Starlink + 5 Mars Sats go‘e'
§ 0.7
% Test point
S > - toclassify 0.6 -
’ \\
@ @ ,é \ k=3
@ ! \  closest 0.5
I‘ neighbors 0 5 10 15 20 25 30 35 40
) k

K Nearest Neighbors Classifier

Distance measured in zigzag /////
diagram space using H;




O Discussion of Distance Calculations

1. Quantify how close to a strongly
connected TVG system

2. Necessary for control
applications---steer a system
from a disconnected oneto a
connected one!

3. First stepsinidentifying clusters
(“motifs”) in TVG space.

<Sat-3
Mars L~
5"‘%&@%@;, -South2
3 L= -Sou
%’%b&& DAG-Northl

DAG-Equatorial

[2]: “A Framework for Differential Calculus on oz
. » . e R, STARLINK1095
Persistence Barcodes” Leygonie, Tillman, and Oudot. FOoCM. 2021. =@b§§ﬁ§%" STARLINK. 3005

[3]: “Learning Low-Rank Latent Mesoscale Structures in Networks” /////
by Lyu, Kureh, Vendrow, and Porter. arXiV:2102.06984



O Motifs for Dictionary Learning

Image UCLA Facebook Network CALTECH Facebook Network

0 0 500 1000 1500 2000 2500 0 100 200 300 400 500 600 700
0 : 0 o e =

100

500

200
1000

300 AR

1500

46 de i 3898
“vﬁ*%ﬁ%
e g -

2000

500 e
. %
.,_.‘I 700 ¥ # {._\% &%\

B . 1™
[=ZEC! HHF KR
a Image Dictionary b Network Dictionary c Network Dictionary

From “Learning Low-Rank Latent Mesoscale Structures in Networks” by Lyu, Kureh, Vendrow, Porter /////
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FUTURE
DIRECTIONS
GLUING TOGETHER

ROUTING PROTOCOLS
USING SHEAVES
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O Leveraging Periodicity

* Convergence of Kleene-star fails for
propagation delay semiring b/c
w(y) 1< Non-trivial shift

* Learn periodicity of TVG subnets _ =

e Replace P(R) with P(S1) or P(T™)

1 n
» Study clustergrams over S* or T
3r 1- : .4 .‘, . ; b» » /
2t SR IRLI R S , .
jl & o : N os T SE A single representative for
VN A L8 AT periodic contact windows
. ‘. . * N . 0 . o 8T )
1 hd ; Ve .. L A G
2F v v ’\-'. 0547 :.. N . ‘-,.'..
-3

1 1 1 1 1 . P - e ’
0 15708 3.1416 47124 6.2832 l B . :
05 0 0
-05 ekl

From “Sliding Windows and Persistence” by Perea and Harer. FOCM 2015.



O Sub-Netting Methods for TVGs w/ Woojin Kim (Duke]

. Dynamic ‘ ] | ) " . 4 ) 'l-x
Persistence-Based mmm) Graph {2“;' “;:'.\, “&:}. *;N t

123 1 -

1234 R [ 23

Formigram 2 1 23438

I_ 8 I I 67 |
5678 567 5 567
{12345678}
- {1]23} — {123}
Persistence
Clustergram {123]48} — {12348}

{1234/5678} — {12345678} {5/67} — {567}
(12348567} — {12345678}

Reeb graph

Zigzag
Temporal Curvature-Based Barcode

w/ Brendan Mallery (Tufts) + Alan Hylton (Goddard)




AN NNN

oo Learning Sheaves

for Routing

» “Small” Routing sheaves: assignto a
fixed graph a routing procedure

» “Big” TVG Routing Sheaves: assigns to
every possible TVG a routing protocol

* Goal: Learn optimal assignments via
deep learning and sheaf Laplacians

(1] [-1]

“Cellular Sheaves of Lattices and the Tarski Laplacian” by Ghrist and Reiss. HHA 2022.

“Neural Sheaf Diffusion for Deep Learning on Graphs”
by Bodnar, Bronstein, and Di Giovanni




O THE TIMAEUS PROJECT

¥ 7 1 oY o ‘ & .
!1 23 3 s‘ - X i [z g1 '/ i

Billy Bernardoni, Robert Cardona, Jacob Cleveland, Justin Curry, Jordan deSha
Robby Green, Brian Heller, Alan Hylton, Brendan Mallery, Bob Short /////
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LET US BUILD BRIDGES




O Critical Path Analysis

Cooking Dinner

Preheat Oven (20 mins)
Chop Veggies (15 mins)
Boil Water (7 mins)
Bake Veggies (30 mins)
Cook Pasta (11 mins)
Heat Sauce (8 mins)
Plate Veggies (2 mins)
Plate Pasta (3 mins)
Eat dinner!

©

i R i ol A o

20 mins

®

Semiring Model

S=R U {—o0}
@ = max

“0” = —00

® =+
“17=0

0 mins

11 mins

(The opposite of earliest time of arrival)

When’s Dinner!?

A" solves

“all pairs longest/shortest
path problem”

2 mins

3 mins

If b=[1700 - -0 —o]
theny=[1700 1700 1700 1720]

0 —=»] ly=yA®Db

—oo 20 =

—oo 15 .

—00 —00 y—bA /////



