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Exploring the beauty of pure
mathematics in novel ways
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Kohli, P. (2021). Advancing mathematics by

guiding human intuition with
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P Huang, F Charton, JNM Schmelzle, S Damell, P Prins, E Garrison,
bioRxiy, 2024.09. 18.612131
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AlphaGeometry: An Olympiad-level Advanced version of Geminiwith  peepSeek’s self-correcting Al model
Al system for geometry Deep Think officially achieves gold- aces tough maths proofs
e medal standard at the International
o ) e Mathematical Olymplad L(ernn(ionnlmnlhemzlicscompe(i(ions
PN S N - > Jul 28, 2025 6:42 PM Eastern Daylight Time
) Tr\nh_,r'l;.zigl)é4\/)VL§ Y.Le,Q Vo Ho H. & Harmonic Announces IMO Gold Medal-Level Performance &
uong, T. . Solving olympiad geometr . . . .
¢ without human oo Launch of First Mathematical Superintelligence (MSI) Al

demonstrations. Nature, 625(7995), 476-482.
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1. Al-generated solutions, partial solutions, or negative results
for previously open problems

Problem Al tools used Date Outcome
[36] AlphaEvolve 3 Nov, 2025 Slight improvement to past construction
[52] AlphaEvolve 3 Nov, 2025 @ Did not match past constructions
[64] AlphaEvolve 3 Nov, 2025  No counterexample found
671 AlphaEvolve 3Nov, 2025 @ Did not match past constructions
[106] AlphaEvolve 3 Nov, 2025  Matched past construction

29 Nov, q
[124] Aristotle 2025 Partial result
[391] AlphaEvolve 3 Nov, 2025 @ Did not match past constructions
[493] AlphaEvolve 3 Nov, 2025  No counterexample found
16071 AlphaEvolve 3 Nov, 2025 Surpassed some past constructions
7281 ::(i)stot\e, ChatGPT 5.2 6 Jan, 2026 :;ue\lras:liti(c;r;?;an), using arguments similar to
110971 AlphaEvolve 3 Nov, 2025 Slight improvement to past construction

Fields Millennium
i iu )
medal Science?

age prize age

Logical Intelligence A
@logic_int

4 Aleph prover just went BEAST MODE
4 math problems unsolved for 20+ years. Formal proofs in Lean 4. Less
than 48 hours. Under $5k total.

Binomial tail bounds conjecture (Telgarsky, 2009)
Quantum gate lattice approximation (Greene & Damelin, 2015)*
Erdés 124
Erdés 481
#1 on PutnamBench leaderboard
The era of Al mathematics is here.

Special thanks to @BorisHanin and @ylecun for helping bring this to life

And massive kudos to the @LeanFRO team — none of this is possible
without the incredible foundation you've built.

Aleph will be soon available to the public, stay tuned!

*conditional on results from Sardari (2015), formalization pending

3:12 PM - Dec 2, 2025 - 115.6K Views
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[Submitted on 5 Feb 2026]

First Proof

Mohammed Abouzaid, Andrew J. Blumberg, Martin Hairer, Joe Kileel, Tamara G. Kolda, Paul D. Nelson, Daniel Spielman, Nikhil Srivastava, Rachel
Ward, Shmuel Weinberger, Lauren Williams

To assess the ability of current Al systems to correctly answer research-level mathematics questions, we share a set of ten math questions which have arisen naturally

in the research process of the authors. The questions had not been shared publicly until now; the answers are known to the authors of the questions but will remain
encrypted for a short time.
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Largely “hammer and chisel”
efforts. Humans are a
backstop/bottleneck.



Grothendieck describes two styles in mathematics. If you think of a theorem to
be proved as a nut to be opened, so as to reach “the nourishing flesh protected by
the shell”, then the hammer and chisel principle is: “put the cutting edge of the
chisel against the shell and strike hard. If needed, begin again at many different
points until the shell cracks—and you are satisfied”. He says:

I can illustrate the second approach with the same image of a
nut to be opened. The first analogy that came to my mind is of
immersing the nut in some softening liquid, and why not simply
water? From time to time you rub so the liquid penetrates better,
and otherwise you let time pass. The shell becomes more flexible
through weeks and months—when the time is ripe, hand pressure
is enough, the shell opens like a perfectly ripened avocado!

A different image came to me a few weeks ago. The unknown
thing to be known appeared to me as some stretch of earth or
hard marl, resisting penetration...the sea advances insensibly in
silence, nothing seems to happen, nothing moves, the water is so
far off you hardly hear it...yet it finally surrounds the resistant
substance. [Grothendieck 1985-1987, pp. 552-3]'

In this “rising sea” the theorem is “submerged and dissolved by some more or less
vast theory, going well beyond the results originally to be established” [Grothendieck
1985-1987, p. 555|.? Grothendieck calls this his approach and Bourbaki’s. Here
as so often he sees math research, exposition, and teaching as all the same. He

McLarty, C., Gray, J., &
Parshall, K. (2007). The
rising sea: Grothendieck
on simplicity and
generality. Episodes in
the history of modern
algebra (1800—

1950), 32, 301-325.
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Formal verification languages offer a potential solution...

Lean is an open-source programming language and proof
assistant that enables correct, maintainable, and formally
verified code

9 s

Powerful automation Mathematics
— 'Grind' efficiently manages complex pattern matching and
— case analysis beyond standard tactics.

example (x : Nat) : @ < match x with
o =1
| n+1 => x + n := by
grind

- Automatically solves systems of linear inequalities.

example (x y : Int) :
27 = 11#x + 13%y - 1lkx + 13%y < 45
5 =10 s THx - 9%y o Tkx — Oky > 4 :i= by
grind

Grind is a powerful tool that can help you prove theorems
quickly and efficiently.

(2]

Lean Community

Community

Zulip chat

GitHub

Blog

Community information
Community guidelines
Teams

Papers about Lean
Projects using Lean
Teaching using Lean

A mathlib overview

The goal of this web page is to give a rough list of topics currently covered in mathlib, and provide pointers for exploration,
This is not meant to be an exhaustive list, and could be outdated (see the full index for exhaustive and up to date
information).

Here topics are listed in the greatest generality we currently have in mathlib, hence some things may be difficult to
recognize. We also have a page dedicated to undergraduate mathematics which may be easier to read, as well as a page
listing undergraduate maths topics that are not yet in mathlib.

To make updates to this list, please make a pull request to mathlib after editing the yaml source file. This can be done
entirely on GitHub, see "Editing files in another user's repository".

But still requires extensive human work.



If the future of mathematics is automatic formalization...

- Automatically review papers for correctness

- Enable every mathematician to work more efficiently and effectively

+ Facilitate dynamic synthesis of literatures and new forms of metamathematics
- Broaden the possibilities of who can contribute to mathematics

* Provide access to and training in pure mathematics to those without

There are significant challenges remain to be overcome.



Four challenges for large-scale autoformalization:

Challenge 1: Is the formalization the same?
Challenge 2: Mind the (informal-formal) gap
Challenge 3: Ensuring the proof proves

Challenge 4: Informalization

All are about minimizing human effort for formalization.



ON A CONJECTURE OF MARTON

W. T. GOWERS, BEN GREEN, FREDDIE MANNERS, AND TERENCE TAO

ABSTRACT. We prove a conjecture of K. Marton, widely known
as the polynomial Freiman-Ruzsa conjecture, in characteristic 2.
The argument extends to odd characteristic, with details to follow
in a subsequent paper.

1. INTRODUCTION

In this paper we prove a conjecture of Katalin Marton (see [28]),
widely known in the literature as the polynomial Freiman—Ruzsa con-
jecture in characteristic 2. The conjecture has many equivalent forms,
one of which is the following statement.

Conjecture 1.1. Suppose that A C F} is a set with |A + A| < K|A]|.
Then A is covered by at most 2K€ cosets' of some subgroup H < F}
of size at most |A|.

Note that if A is covered by at most r cosets of a subgroup H of size
at most |A|, then |A + A| < ((5) + 1)|A|, so Conjecture 1.1 allows one
to pass from the property of having a small doubling constant to the
property of being contained in a small union of cosets of a subgroup of
size at most |A| and back again with at most a polynomial loss in the
parameters.

The first result in this direction was due to Imre Ruzsa [28], who

obtained an upper bound of 2K22X" in place of the desired 2K¢. It
was Ruzsa [28], [29, Conjecture 2.2.2] who attributed Conjecture 1.1

Gowers, W. T., Green, B., Manners, F., & Tao, T. (2023). On a
conjecture of Marton. arXiv preprint arXiv:2311.05762.

2 W.T. GOWERS, BEN GREEN, FREDDIE MANNERS, AND TERENCE TAO

to Marton. Sanders [32] made a dramatic breakthrough by proving
the first bounds of shape < exp(log”* K), showing that C; = 4 + ¢
is permissible here. A variant of Sanders’ argument due to Konyagin
(not published by Konyagin, but described by Sanders in [33], and
see also the comments on page 8 of [11]) showed that C; = 3 +¢ is
permissible. We also remark that Conjecture 1.1 (with worse values of
C') was previously established in the special case when A was a downset
in [9]. We refer to [7, 8, 20] for surveys on this conjecture.

Our main result is the following.

Theorem 1.2. Conjecture 1.1 is true with C' = 12.

An elaboration of our arguments gives corresponding results in vector
spaces over F,, p odd. This is notationally somewhat heavier and
makes the underlying ideas slightly harder to appreciate so we give
this argument in a separate paper [6].

Since the initial release of this preprint, Jyun-Jie Liao has given
a refinement of the argument that improves the constant C' = 12 in
Theorem 1.2 to C' = 11 (with corresponding numerical improvements
to our other main results and applications); see [17, 18].

Applications. It was shown in [11, Theorem 1.11] that Theorem 1.8 (or
Theorem 1.2) in characteristic 2 implies the so-called ‘weak’ polynomial
Freiman-Ruzsa conjecture over Z, so that is now a theorem as well.

Theorem 1.3. Let A be a finite subset of ZP for some D, and suppose
that |A+ A| < K|A|. Then there is some set A' C A, |A'| > K~=C1/2|4A|,
with dim A’ < Cylog K, for some absolute* constants Cy, Cy > 0.

Theorem 1.3 solves a conjecture stated in [3, 11, 23, 26]. We remark
that there is also a ‘strong’ PFR conjecture over Z (though its formula-
tion requires care; see [21] and [24] for more discussion). This remains
a challenging open problem.

As mentioned above, the polynomial Freiman-Ruzsa conjecture is
equivalent to many other statements in additive combinatorics. We
mention a few of these here.

Corollary 1.4. There is a constant C3 such that if f : Fy* — Fy is
a function such that the set {f(z) + f(y) — f(z +y) : =,y € F'} has



Lemma 6.6 (Distance lower bound)

For any G-valued random variables X1, X}, one has

LaTeX Lean

d[X1; X3) > k —n(d[X7; X1] — d[X7; X1]) — n(d[X3; X;] — d[X3; X5)).

theorem distance_ge_of_min source

{Q01 : u_1} {Qo2 : u2} [ Qo1]

[ Q02] {G : uG} [ GJ

[ G] (p : refPackage Qo1 Qo2 G) /0 - u-3}

{0'; : u.7} {Q'z : u-8} [ Q]

[hQ: : Q's]

[hQ2 : Q',]

[ ]

[ J {X1 X2 : Q » G}

Mgt s0 s el fxe 20 5 6 (h ot tau_minimizes p X1 Xz2)
(h1 : Measurable X1') (h2 : Measurable X;') :
d[X1 # X2] - p.n * (d[p.Xes # X1'] - d[p.Xes # X1]) - p.n * (d[p.Xo2 # X2'] -
d[p.Xe2 # X2]) < d[X1' # X2']



Imagine the cost of rolling out this effort across the math literature....

Contributors Period: All ~ Contributions: Commits ~

Contributions per week to master, excluding merge commits
Commits aver time Math papers on arXiv: ~22% of 2,000,000+ papers
‘Weekly from Nov 11, 2023 to Jan 3, 2026 (1 991 - 1 ,2022)
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Even if an amazing advance in collaboration, the cost is prohibitive.



Amazing progress toward autoformalization in 2025...

Prime number theorem and beyond project...

‘“h Terence Tao

| @tao@mathstodon.xyz

A new #Lean formalization project led by Alex Kontorovich and
myself has just been announced to formalize the proof of the prime
number theorem, as well as much of the attendant supporting
machinery in complex analysis and analytic number theory, with the

plan to then go onward and establish further results such as the
Chebotarev density theorem. The repository for the project (including

the blueprint) is at github.com/AlexKontorovich/Pri... , and discussion
will take place at this Zulip stream: leanprover.zulipchat.com/#narr...

GitHub
GitHub - AlexKontorovich/PrimeNumberThe...

blueprint for prime number theorem and more. Contribute to AlexKo...

Alex Kontorovich & A -
@AlexKontorovich
Woohoo!! The "Medium" strength Prime Number Theorem was just
proved in @leanprover Lean: (the bottom node in the picture is Green)

The main ‘MediumPNT file is about 8000 lines of code, which uses a big
*ZetaBounds' file with around 4000 lines of code, and another ~1000
lines for residue calculus on rectangles.

It was remarkably fun to collaborate with dozens of people, the vast
majority of whom I've never met (and likely will never meet; some are
math students, others are, e.g., software engineers doing some Mathlib
just for fun on the weekends...), and knowing with *certainty* that their
contributions are solving the tasks | set out. Quite a model for large scale
math projects!

10:52 PM - Jul 24, 2025 - 42.5K Views

Completed by autoformalization

Math, Inc.

€ Back Home

Introducing Gauss, an agent for autoformalization

The Math Inc. team is excited to introduce Gauss, a first—of-its—kind autoformalization agent for assisting human expert

The strong Prime Number Theorem

eLueprint  wes | eLuerrint | BoE | oerenpency [ pocs | waraivc EEERE

This repository contains an Al-generated Lean formalization of the strong Prime Number Theorem (PNT) and the
complex-analysis infrastructure used in its proof.

Most of the statements and proofs were produced by Gauss, an autoformalization agent. The development was
completed with targeted human scaffolding and review of key lemmas and strategies. The finished Lean
development is substantial (over 25k lines and 1.1k theorems/definitions) and shows how Al agents can accelerate
large formalization efforts when combined with human guidance. See Gauss and Math Inc. for more background.

Highlights

» Target: the strong Prime Number Theorem.
« Generated by the Gauss autoformalization agent, with human supervision.
+ Scale: =25k lines of Lean and =1.1k theorems/definitions.

« Time to completion: three weeks.

But human checked/corrected translations, manually elaborated proof...



Amazing progress toward autoformalization in 2025...

The strong Prime Number Theorem

This repository contains an Al-generated Lean formalization of the strong Prime Number Theorem (PNT) and the
complex-analysis infrastructure used in its proof.

Most of the statements and proofs were produced by Gauss, an autoformalization agent. The development was
completed with targeted human scaffolding and review of key lemmas and strategies. The finished Lean
development is substantial (over 25k lines and 1.1k theorems/definitions) and shows how Al agents can accelerate
large formalization efforts when combined with human guidance. See Gauss and Math Inc. for more background.

Highlights

« Target: the strong Prime Number Theorem.
« Generated by the Gauss autoformalization agent, with human supervision.

= Scale: 25k lines of Lean and 1.1k theorems/definitions.

« Time to completion: three weeks.

@©Harmonic ] eNews eAbout eCareers

Mathematical
Superintelligence

1l 28, 2025 6:42 PM Eastern Daylight Time

Harmonic Announces IMO Gold Medal-Level Performance &
Launch of First Mathematical Superintelligence (MSI) Al
App

Harmonic

Logical Intelligence .+ @logic int - Dec 2, 2025 e

4 Aleph prover just went BEAST MODE
4 math problems unsolved for 20+ years. Formal proofs in Lean 4. Less
than 48 hours. Under $5k total.

Binomial tail bounds conjecture (Telgarsky, 2009)

Quantum gate lattice approximation (Greene & Damelin, 2015)*
Erdds 124

Erdés 481

#1on PutnamBench leaderboard

The era of Al mathematics is here.

Special thanks to @BorisHanin and @ylecun for helping bring this to life . ,
And massive kudos to the @LeanFRO team — none of this is possible
without the incredible foundation you've built.

Aleph will be soon available to the public, stay tuned!

*conditional on results from Sardari (2015), formalization pending

Logical
Intelligence

Axiom & A -

@axiommathai

Putnam, the world's hardest college-level math test, ended yesterday 4p
PT.

Noon today, AxiomProver solved 9/12 problems in Lean autonomously
(3:58p PT yesterday, it was 8/12).

Our score would've been #1 of ~4000 participants last year and Putnam
Fellow (top 5) in recent years

3:39 PM - Dec 7, 2025 - 503.4K Views

Axiom



Amazing progress in 2025...

5th MATH-Al Workshop at NeurIPS'25 CALL  SPEAKERS & PANELISTS  PAPERS

MATH-AI

The 5th Workshop on Mathematical Reasoning and Al
NeurlPS 2025, San Diego Convention Center (Upper Level Ballroom 6A), December 6th, 2025

Schedule

All times are in Pacific Time (PT)
8:25am - 8:30am Opening Remarks
8:30am - 9:00am Invited Talk: Weiyang Liu (Chinese University of Hong Kong), "Scalable Formal Verification Enables Novel Design"
9:00am - 9:30am Invited Talk: Hannaneh Hajishirzi (UW & AI2), "Olmo 3 Model Flow for Mathematical Reasoning”
9:30am - 10:00am  Invited Talk: Max Tegmark (MIT), "Vericoding: Formally Verified Program Synthesis"
10:00am - 10:30am  Invited Talk: Leonardo de Moura (Lean FRO & AWS), "Teaching Al to Configure Proof Automation in Lean"

10:30am - 11:15am  Panel Discussion: Tengyu Ma (Stanford), Tom Kalil (Renaissance Philanthropy), Patrick Shafto (DARPA & Rutgers),
Jonathan Thomm (Harmonic)

SCHEDULE



Plug for my DARPA Exponentiating Mathematics (expMath) program...

TN #':79
YN Y . AVAVAYs
(DARPA) eM2th: The future of mathematics VAV
N L2 VAVAY
Iterate quickly!

1

1

v

Natural math language Natural math language

Problem definition Abstraction Result

Formalization of goal (theorem) N Lerlnmas identified g Paper written
ew lemmas propose:

Autodecomposition

Computational
iyt substantiation Autoinformalization
Challenge: Autodecomposition Autoformalization, VISR
Decompose natural language statement into Automated / interactive
reusable natural language lemmas that, if true, theorem prover
constitute a proof (Programming language)

Challenge: Auto(in)formalization
Translate natural language lemma into formal
language for proof, translate proof back to natural
language

Publicly announcing teams imminently.
Contact me if you want to receive updates, join events, etc.



Four challenges for large-scale autoformalization:

Challenge 1: Is the formalization the same?
Challenge 2: Mind the (informal-formal) gap
Challenge 3: Ensuring the proof proves

Challenge 4: Informalization

All are about minimizing human effort for formalization.



Challenge 1: Is the formalization the same?

theorem distance_ge_of_min source
{001 : u-1} {Qo2 : u2} [ Qo1]
X [ Qo2] {G : uG} [ G]
Lemma 6.6 (Distance lower bound) i 6] (p : refPackage Qos Qoz G) /0 : u_3}
. ’ ’ {0's : u_7} {Q'; : u_8} [ Q]
For any G-valued random variables X7, X, one has [ho : 01]
[hQ2 : Q'2]
0 ]
d[X1; X3] > k = n(d[X7; X7 — d[XT; X1]) — n(d[X3; X3] - d[X3; X2])- ! [
[ 20 s GF X" 2 0", 5 GF (h ot tau_minimizes p X1 Xz2)
LaTeX Lean (h1 : Measurable Xi') (h2 : Measurable X,') :
- - d[Xs # X2] - p.n * (d[p.Xes # X1'] - d[p.Xos # Xa1) - p.n % (d[p.Xez # X2'] -

d[p.Xez # X2]) =< d[Xa' # X2']



Formal-informal alignment

Existing literature: alignment of implications

For a node high in the graph, derive formal implications. Compare those
formal implications to informally stated implications.

For a node low in the graph, may not have informal comparison. Would
need to informalize and backward chain argument. (See challenge 4)




Challenge 2: Filling in the gaps

39 total def and lemmas

(Only 19 in the whole paper,
not including equations)

Informal math:
= Omits information considered unnecessary

= Organizes information to prioritize important



Curriculum for progress toward gap filling:
Progressive missing value prediction

theorem distance_ge_of_min source
{Q01 : u-1} {Qo2 : u2} [ Qo1]
i [ Qo2] {G : uG} [ GJ
Lemma 6.6 (Distance lower bound) [ 6] (p : refPackage Qo1 Qoz G) /0 : u_3}
Q' : _7} {Q'2 : u_8 Q
For any G-valued random variables X1, X}, one has fml . SR | }1[2'1] /
[hQ2 : Q'2]
d[X]; X >k —n(d[X?; X)) — d[X?; X1)) — n(d[X2; X3] — d[X3; X3]) [ ]
1,42 2 n 141 141 n 25442 2542]) i 7 X X2 : Q> G
[ 20 s GF X" 2 0", 5 GF (h ot tau_minimizes p X1 Xz2)
LaTeX Lean (h1 : Measurable X1') (h2 : Measurable Xz') :
- - d[X1 # X2] - p.n % (d[p.Xes # X1'] - d[p.Xes # X1]) - p.n * (d[p.Xo2 # X2'] -

d[p.Xez # X2]) =< d[Xa' # X2']



Challenge 3: Ensuring the proof proves

Q. channel: new members < topic: Budden's claims about Navier Stokes X near: 566150614 * Search X
Q Elliot Glazer & -
€5 new members > Budden's claims about Navier Stokes : JAN 3 ®," OElliotGlazer
Congratulations to my good ol' pal and colleague James Hanson for
Jason Rute 7:43 AM proving FLT in Lean with standard axioms in a way that fools SafeVerify
| just want to point out that the Lean code Budden has posted (at least one screen shot, 2 and lean4checker!
files on separate occasions, and a file he shared privately with Elliot Glazer---but tweeted
about sharing) tell a fairly simple story. At first, his files were very circular in their logic with Surely this time it's legit right?

lots of axioms and assumptions but which also didn't compile. After coaching from Elliot, it

; - . . @ lean4 > SafeVerify-passing kernel soundness exploit
seems Budden has learned how to use Lean correctly. His only Lean file which typechecks is

also quite incomplete (and | think it uses the sup norm when he meant to use the L2 norm """ James E Hanson
FWIW). It is not a complete proof of NS by any means. And finally he posted a screen shot RSN import mathlib.pata.Nat.Basic
. . . . . . . . i t Mathlib.Tacti
showing the many errors he is still trying to fix, which is the last we heard of him. :-::::t M:thl;b.Nz;b;:Theory FLT.Basic
import Lean
| know there is a lot of worry that his "proof" is using Lean exploits, but it really seems that 7:43 AM
he has never had anything remotely resembling a working Lean proof, and any public claims sl
to that effect on Budden's part have been ambitious promises to deliver, not based on him unsafe def badNatUnsafe : NN := unsafeCast (-4294967296 : Z)
having a "working" Lean proof up his sleeve. (I'm mostly getting this by him saying things ALy bl ChreT Bl &
about writing all the code at the last minute, implying that he never had full Lean proof. And
. . lab
also that none of his code seems to be very complicated.) sl P
= Lstr. "badNat"
/& Mirek Ol8ak, Elliot Glazer, Eric Vergo T:c:warams - []Str SR
type = .const ‘‘Nat []
I'm personally not worried about exploits for a Lean millennium problem proof. This T:43 AM ;alue = .14t <| .natval badNatval
. . . . . . ints := .opaque
community would quickly scrutinize a Lean millennium problem solution, and be able to safety = .safe
reduce it to either interesting non-trivial mathematics or to trivial broken Lean. We have ¥
many tools for inspecting proofs and guarding against exploits and we would come up with theorem FLT : FermatlLastTheorem := by
many more if a Millennium problems was involved. (And no journal or prize committee :a"e tr“‘{y-mﬂr"e‘{°“5-0 3 SlREelEG = 9223372036854;73807 = :Y je“'je
. . . . . ave truly_marvelous_1 : -9223372036854775807 < badNat := by decide
would be quick to announce a resolution until the Lean community was happy with the Lean S P ey (e e
proof.) | worry a lot more about the little theorems that aren't going to get the attention of a P
. . . . . . . . prin axioms
Millennium problem (which is why | keep harping about coming up principled and complete = UEL sl Gn GRemss Rt

standards of correctness for Lean proofs). 544 PM - Jan 4. 2096 - 5.934 Vi
: -Jan 4, - 5, iews
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Challenge 4: Informalization

arXiv:2311.05762v2 [math.NT] 12 Dec 2023

ON A CONJECTURE OF MARTON

W. T. GOWERS, BEN GREEN, FREDDIE MANNERS, AND TERENCE TAO

ABSTRACT. We prove a conjecture of K. Marton, widely known
as the polynomial Freiman-Ruzsa conjecture, in characteristic 2.
The argument extends to odd characteristic, with details to follow
in a subsequent paper.

1. INTRODUCTION

In this paper we prove a conjecture of Katalin Marton (see [28]),
widely known in the literature as the polynomial Freiman—Ruzsa con-
jecture in characteristic 2. The conjecture has many equivalent forms,
one of which is the following statement.

Conjecture 1.1. Suppose that A C F} is a set with |A + A| < K|A|.
Then A is covered by at most 2K€ cosets' of some subgroup H < F3
of size at most |A|.

Note that if A is covered by at most r cosets of a subgroup H of size
at most |A|, then |A + A| < ((5) + 1)|A], so Conjecture 1.1 allows one
to pass from the property of having a small doubling constant to the
property of being contained in a small union of cosets of a subgroup of
size at most |A| and back again with at most a polynomial loss in the
parameters.

The first result in this direction was due to Imre Ruzsa (28], who
obtained an upper bound of 2K22X" in place of the desired 2K€. It
was Ruzsa [28], [29, Conjecture 2.2.2] who attributed Conjecture 1.1

Formalized proofs contain more information than humans deemed necessary.
How to effectively translate results from code to human useable form?



Four challenges for large-scale autoformalization:

Challenge 1: Is the formalization the same?
Challenge 2: Mind the (informal-formal) gap
Challenge 3: Ensuring the proof proves

Challenge 4: Informalization

All are about minimizing human effort for formalization.
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If the future of mathematies is automatic formalization...
Science

- Automatically review papers for correctness

cientist
- Enable every maﬂs:l.emalfalan_to work more efficiently and effectively .
cience

« Facilitate dynamic synthesis of literatures and new forms of metamathematics

Science
- Broaden the possibilities of who can contribute to mathematics

Science
* Provide access to pure and training in pure mai%ema-t—res to those without access

There are significant challenges remain to be overcome.



Three example cases of formalization in science:

Elon’s world: direct to machine code

- Example 1: Computer science (programming) <

Natural language math as a
declarative programming language

- Example 2: Quantum computing / information

- Example 3: Behavioral science

(Many others: material science, chemistry, biology, etc)



Three example cases of formalization in science:

Example 1: Computer science (programming

Domain is amenable.
formalization.

Example 2: Quantum computing / information Discussion of an effort at

‘Quantum Physics
[Submitted on 13 Jan 2020 (vI), last revised 4 Nov 2022 (this version, v3)]

MIP*=RE

Zhengfeng Ji, Anand Natarajan, Thomas Vidick, John Wright, Henry Yuen

We show that the class MIP* of languages that can be decided by a classical verifier interacting with multiple all-powerful quantum provers sharing entanglement is

equal to the class RE of recursively enumerable languages. Our proof builds upon the quantum low-degree test of (Natarajan and Vidick, FOCS 2018) and the classical
low-individual degree test of (i, et al., 2020) by integrating recent developments from (Natarajan and Wright, FOCS 2019) and combining them with the recursive
compression framework of (Fitzsimons et al., STOC 2019).
An immediate byproduct of our result is that there is an efficient reduction from the Halting Problem to the problem of deciding whether a two-player nonlocal game
E I 3 B B h . I . has entangled value 1 or at most 1/2. Using a known connection, undecidability of the entangled value implies a negative answer to Tsirelson's problem: we show, by
Xampile o. benavioral science

providing an explicit example, that the closure Cy, of the set of quantum tensor product correlations is strictly included in the set Cyc of quantum commuting
correlations. Following work of (Fritz, Rev. Math. Phys. 2012) and (unge et al., J. Math. Phys. 2011) our results provide a refutation of Connes’ embedding conjecture
from the theory of von Neumann algebras.

Many others: material science, chemistry, biology, etc



Quantum Physics

[Submitted on 13 Jan 2020 (v1), last revised 4 Nov 2022 (this version, v3)]

MIP*=RE
Zhengfeng Ji, Anand Natarajan, Thomas Vidick, John Wright, Henry Yuen

We show that the class MIP* of languages that can be decided by a classical verifier interacting with multiple all-powerful quantum provers sharing entanglement is
equal to the class RE of recursively enumerable languages. Our proof builds upon the quantum low-degree test of (Natarajan and Vidick, FOCS 2018) and the classical
low-individual degree test of (Ji, et al., 2020) by integrating recent developments from (Natarajan and Wright, FOCS 2019) and combining them with the recursive
compression framework of (Fitzsimons et al., STOC 2019).

An immediate byproduct of our result is that there is an efficient reduction from the Halting Problem to the problem of deciding whether a two-player nonlocal game
has entangled value 1 or at most 1/2. Using a known connection, undecidability of the entangled value implies a negative answer to Tsirelson's problem: we show, by
providing an explicit example, that the closure an of the set of quantum tensor product correlations is strictly included in the set ch of quantum commuting
correlations. Following work of (Fritz, Rev. Math. Phys. 2012) and (Junge et al., J. Math. Phys. 2011) our results provide a refutation of Connes' embedding conjecture
from the theory of von Neumann algebras.



Three example cases of formalization in science:

- Example 1: Computer science (programming)

- Example 2: Quantum computing / information

Domain is not amenable. Not totally clear what to
formalize, given the limited state of theory.

. Example 3- Behavioral science One candidate is formalization of preregistration”

Despite obvious challenges, biggest potential win
here.

(Many others: material science, chemistry, biology, etc)
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future of mathematics

Patrick Shafto
Professor / Program Manager
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